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» 2½
η =
k1
k1 + k2
»L¼P½
°£`Lkm¥p^ymo`sevDq^`£yPsokovDq^`
k2 → ∞
²Sy{pÈso`musoy{q¢{`£`_=yll]£`kmo{p^sÈl`  8`£¢Dtpl¤ SRy{tm»
ω0 →
√
k1/m
²
α → c/2mω0
²
η → 0 ½¦§,surQkyP£qlmotyPp³l`'`mmo`rLvDqmuty{pÀlt­Wrso`pDmot`L££`p6« `Lkm9{rLp^rs£`_=`LpPm#~Pk#~SyPkokt^£`{¦6¾Opk« ~l¤
~q^jP{pPmkq^se£'su`L_svPq`#~^surQrQl`pDmu`P²t£`Qknm~syPpPmosu`9~JyDkukut£`9^`lyPp^p^`seq^p^`¡kyP£qlmotyPp0{s {`
¥,qp^`mu`Q\^p^twvDq^`l`~S`sumuq^somuty{pÀ~JyPq^s
η ≪ 1
¦±
`mumu`mo`L\^p^twvDq^`=ª®y{qsup^tm9q^p``Lkmut_=muty{plq
yH`¬t`pDm}l`#so`LkmutmuqlmotyPp¢£w£`#¥¡£Y« y{slso`
1
`Lp
η

en = exp
[(
− α√
1 − α2
+ ηf1(α)
)(
arctan
(
2α
√
1 − α2
2α2 − 1
)
+ ηf2(α)
)]
»AGP½
µ¢P`L
f1(α) = α− α3/2 + O(α5)
`m
f2(α) = 2α− 3α3 + O(α5)§¨`c~{so{_¡]muso`c{^t_=`pJkty{p^p`£
η
~S`so_=`m~^\HjlktwvDq^`_=`pDml`ey{pDmus{£`s
£#sorPq^£wsotkomotyPp=kuq^s £`
koq^m^`eª®yPso`#¥£A« tpkmo{pDmtp^tmutw£¨^`£A« t_=~PmL¦ShHt
η = 0
²ly{p3so`musoy{q¢{`£`8_=yll]£`l`  8`£¢Htpl¤ SRy{tm
µ¢P`Leq^p^`ltwkoy{pDmotpHq^tmur#q,lrL~sumL¦
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`
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S`Qmoq^r¡kuy{qJkehlt£w"y{pJ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{pPme£'su`L£muty{pÈ`pDmosu`£Y« tpJl`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m£wª®yPso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ke£Y« {kok`L_9^£wP`
so`Lkokuy{sum¤°_=y{sumutwkuku`q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_svDq^`vDq^`£Y« `pJk`L_9^£`l`Lk#_=yll]L£`QkyPplq^twk`LpDm#¥È^`Lk#`SyPsmk8p^r¤
Dmot­ªÇk`Lp,¯pÈl`yPpPm{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l` S`p^`LsL²^y{_=_=`#£`#_=yll]L£`l`
d  
`L££A²l~S`so_¡`m}« rL¢Ht­mo`s}£`#ku{qlmcl`ª®y{s`#¥¡£Y« tpknmpDm}tp^t­mot{£¨lq,yPpPm{mL¦
hHqs
£w8¯Pq^su`}²{yPpsu`L~JyPsmo`£`{£q^£JlqyH`¬t`pDm ^`}su`Qknmot­moqlmuty{p'`p=ª®y{pJmuty{p^q'yH`¬t`LpPm
^`c¢HtkoyDktmurP¦H´epso`_{sovDq^`ckut_¡~£`L_¡`LpDm vDq^`c£`_¡yll]L£`l` W`p^`Ls-~S`qlmyPplq^tsu`¥q^p`eq{_=`pl¤
mmotyPp0lq yH`¬t`LpDmel`so`LkmutmuqlmotyPp0µ¢{`Q8£¢HtwkuyPkut­mor{¦±
`mmo`9py{_£t`#rmo{pPm`pÈ~{smot`lq^`9{q
L£wq^£l`Lsusoy{pr lqyD`¬t`pDmOl`su`Qknmot­moqlmuty{p¡\{^t­moq^`££`_=`pDmO_=`p^rP¦PhHq^sR£`{s~\^`{²µy{pªÇtm-l`~^£qk
{~^~{so mosu`=q^p L£wq^£
l`yD`¬t`pDml`so`Lkmutmuq^muty{pÀmu`LppDmy{_=~lmo`lqÀmo`_=~ksurL`£-l`3yPpPm{m
y{_=_=`8t£6£A« `Lkm}`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yH`¬t`pDm}l`#¢HtkoyDktmur
α
y{q
ν
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mcd0 
`L££
 8`L£¢Htpl¤ SRy{tm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£tp^rL{tso`clrL~J`Lp^pDmltso`Lmu`L_¡`LpDm
l`
ξ
¦D¾OpPs^{pPmO`Lp_=r_=y{tso`cvDq^`}£A« yPp'kyPq^\{t­mo`cl`Lk kuy{£qlmuty{pk
{p£jDmutwvDq^`LkL²Hq^pÈ\^y{tkut_=~^£`l`8_=yH^]£`« {_=y{sumutwkuku`q^s`Qknm£`kq^t¢pDm
F = −c|ξ|ξ̇ − kξ »Y{P½
 ¹         ¶ ¨¸¨º   »nGGPP½
_=y{pDmuso`pDmevDq^`9`_=yll]£`tplq^tmcq^p^`¡lrLsuyPtkokop`8^q
yH`¬t`pDm
l`so`LkmutmuqlmotyPpµ¢{`L}£#¢Htmu`Qkuku`ctp^tmutw£`e« t_=~PmQ¦PxO£qk ~^sorLtkur_=`pDmQ²{~Sy{q^s l`cPso{pl`Lk
¢{£`Lq^sok#^`¢Dtmu`Qkuku`« tpt^`p`{²¨£`yH`¬t`LpDm#^`su`Qknmot­moqlmuty{pÀ`LkmtpD¢P`sk`L_=`pDm#~^suyP~JyPsmotyPp^p^`L£¥
`mumu`#¢Ht­mo`Lkok`
(1 − en) ∝ v−1n
»AlQ½
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§-« qlmot£twkumuty{pÈ« q^pÈsu`Qkukuy{sump^y{pl¤Z£tp^rQtsu`8~S`so_=`mcl`#so`p^su`#lrL~J`Lp^pDmk£`8mo`_=~kel`yPpPm{m
{tpJktRvDq^`¡£`=yH`¬t`LpPm#l`¡su`Qknmot­moqlmuty{p"l`=£'¢Ht­mo`Lkok`¡tpt­mot{£`=« t_=~PmL¦6§ª®yPsu_=`£~^£qk#yP_¤
_q^p^rL_¡`LpDm\y{twkt`kL« tpku~^tsu`8lq3_=yH^]£`8^`8y{pDmoPml`8É}`sumuÊP¦^§¨ª®y{s`p^yPsu_£`e^q^`#q3su`Qkukuy{sum
kL« `l~^sot_=`#£y{skl`8£=_pt]Lsu`8kqt¢pDmo`
Fn = −k̆nξ
3
2
»A{{½
y 
k̆n
`Lkmqp^`so{t^`q^sso`£trL`{qlLs{morsotkmutwvDq^`Lkr£w{kmutwvDq^`Lklq=_=t£t`q=`mO{qsµj{yPpl`yPq^so^q^so`
{q~Sy{tpDmcl`#yPpPm{mL¦
§-« Pkukuyltwmuty{p=« q^p_=yPsmotkok`Lq^sR£tp^rQtsu`µ¢P`L q^p^`}stwl`Lq^sOl`mnjH~S`cÉ}`LsmoÊ`LkmO~suª®y{twkRqlmot£tkur`
pk£`Lkekt_9q£muty{pk}^`_murLsutwq^'{spHq^£wtsu`Qk8»
       ¹¸  O²¨AG 2 GP½¦l¾O££`9y{plqt­me¥
qp^``Lkmut_motyPp,^q yH`¬t`LpPmc^`su`Qknmot­moqlmuty{p0vDq^tsoy wmcµ¢{`Qe£w¢Htmu`Lkoku`#tp^tmutw£`9« t_¡~J{mQ¦Jacy{qk
£w¡£{tkoku`soy{pklyPp8l`#ymor#~^q^twkuvDq^`#`£w¡y{pDmuso`L^t­m£`Lk}y{pkmomuty{pk `l~Srsot_=`LpPm£`Lk qkuq^`££`Lk
xy{qs'`0vDq^t}`Qknm3lq \^y{t « q^p _=yPsmotkok`Lq^sp^yPp £tp^rL{tso`Èy{\rso`pDmµ¢{`L3£`Lky{pkmomuty{pk
`l~JrLsut_=`pDmo{£`Qk²£`Qk=`l`_=~^£`Lk=^{pk¡£©£t­mumursmoq^so`3kuy{pDm¡muso]Lk¡p^y{_^so`ql³`m`3kuqzn`my{pkmutmuq^`
`LpyPsu`eq^pmo\^]_=`#l`su`Q\^`s\^`cPmot­ªn¦l§6`Qk _¡yll]L£`QkkyPpPm `p3{rLp^rs£S\^y{twktwk
~JyPq^s£`Lq^s ªÇ{t£t­morl`
sorLkuy{£qlmotyPpp{£jDmutwvDq^`{¦l´ep~S`qlmtmu`Ls
£w9£Pkuku`cl`e_¡yll]L£`lr¢P`£y{~^~Sr`e~s¶  ¹  e¸
 	 	  · 
»AG>2{½²Dª®y{plrL`kqsq^p,`Wy{sumpy{so_={£kyPqk£ª®yPsu_=`#kqt¢pDmo`
Fn = −c|ξ|nξ̇ − kξn
»A ) ½
xyPq^s
`Lk
_¡yll]L£`Qk²Dt£J`Htwkmu`cqp^`ekuy{£qlmuty{p{p£jDmutwvDq^`e¥#£A« rLvDqmotyPp'l`e£ljHp_=twvPq`{¦°£W`Qknm£y{sk
~SyPkokut^£`9l`¡\^y{twkuts
n = 32
~Sy{qsc`W`Lmuq^`Lse`mmo`9sorLkuy{£qlmuty{p0µ¢P`L8q^pÈso`Lkokuy{sumcl`mnjH~S`É}`LsmoÊ{¦´ep
~S`q^m{qkoktWso`_svDq^`s vPq`£`_¡yll]L£`8~^sorLku`pDmor»
vPqJmuty{pÈD½-{q'~{so{{s~^\`}~^sorLrQl`pDmsu`LpDmuso`
pk`mmo`£w{kok`8l`#~^soy{£]L_¡`P¦
¢{`QÈ~JyPq^syPlzn`Lmutª#^` yPpknmosuqtso`Èq^p _=yll]£` ltwkusu`mkuq^s'l`Qk'yPpkutlrLsomuty{pk=~\DjlkutvDq^`Qk²
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~suyP~JyDk`LpPml`
so`ª®yPsu_q^£`s¨£` ~^suyP^£]_=`
l`É}`LsmoÊ-~Sy{q^sq^p_murLsutwq9¢DtwkoyHr£w{kmutwvDq^`{¦Qa}y{qJkkuy{_=_=`Lk
twt¥9£9muspkutmuty{p¢P`sk-£`Lk
_=yH^]£`LkyPpPmotpHqk
`mq^p^`8~^sorLku`pDmmuty{p^rmo{t££r`8l``Lk
musµ¢qlku`s
ªÇ{t­mq 6 2H¦{¦D§¨#ª®yPsu_=`c^rLlq^tmu`8l``mumu`p{£jlku`}~JyPq^s £Y« {kok`L_9^£wP`su`Qkukuy{sum¤°_=yPsmotkok`Lq^s`Lkm l`
£wª®y{so_=`8kuq^t¢pDmu` 
Fn = c|ξ|1/2ξ̇ − kξ3/2
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E(e) − K(e)
) » 2 ) ½
δ =
L
πE∗
=
p0
E∗
bK(e)
»2D½
y  £`Lk9ª®y{p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√
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=
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√
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√
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√
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pDmmoso{t­mor ~{s,¶¡·^¸P¹6º »nQ¼{¼PP½=`Lkm,su`ª®y{so_9q^£r ^{pk©»      	  R²eG{¼PP½¦´ep
£A« t££qJknmosu`#kuq^s£¡¯J{q^so`P{¦
´ep ^y{p^p^`Lso'« {JyPso,£wkuy{£qlmuty{p tp^tmutw£`9~suyP~JyDkrL`#~s8É}`LsmoÊ9q 6 ^¦{¦×l²^~q^tkyPp0ly{p^p`s
vDq^`L£vDq^`QkyP_¡_=`LpPmtsu`Qkq 6 ^¦{¦×9kuq^s£A« {~^~^soyH\`erL£PknmotvDq^`8so`£wmut¢{`mosuyPq^¢{rL`{¦
 6:6Â6Å @*HÆ ^Ã0;* §6` ª®yPso` l`}y{_=~^so`Lkokty{p
P
lyPp^p^`£t`q=¥8l`LkR^tkmusotqlmuty{pkR^` ~su`QkukutyPp
sor~Jsumut`Lkly{pp^r`Qk~JyPq^s£`y{pDmoPm}kuq^~JrLsut`qs
p =
2P
πa1
(
1 − x
2
a21
)
1
2 »n ) H½
y £w=l`_=t¤A£wso{`Lq^sl`yPpDmo{m ~S`q^mc¿mosu`8`Lkmut_=r`l`8£wªÇ  yPp3kuq^t¢pDmu` 
a21 =
4PR
πE∗1
»n ) P½
§#y{pDmoso{tpDmu``Lp^{`Lplsor`~sO^`qlª®y{s`LkyP~^~SyPkur`LkRkuq^sOqp=jH£tplso`r£w{kmutwvDq^``Lkm-ly{pp^r~s
 	 6·      $Ï·^¸ »nAGDlµ½-kuy{qk£wª®y{so_=`86« q^p`y{pDmoso{tpDmu`^t¤Zlt{£`8q^p^tª®y{so_=`
σx = σz =
P
πR
»n ) D½
´epªÇ{t­m_tpDmu`pJpDm-£A« \HjH~Jy{mu\^]Qk`vDq^`c£A« rmoml`Qk
y{pDmustpDmu`QkR`pqp'~Sy{tpPm
A
kutmuq^re`pDmuso`c£A« l`
C
lq=jH£tplso` `mR£` ~Sy{tpPmRtp^tmutw£^lq=yPpPm{m
01
`Qknm£8y{_9tp{tkuy{pl`-mosuyPtkJzn`Lqll`yPpDmustpPmo`Lk
{¦q^p^`y{pDmustpDmu`8lq^`¥¡£¡sor~{smot­motyPp3^`#~^su`Qkukuty{p'\`sumuÊt`pp^`#ly{p^pr`#~{s8» ) D½²
l¦q^p^`}y{pDmustpDmu`-~JsR£wcª®yPso` ^`y{pDmoPm`p
O2
vDq^t~J`LqlmO¿mosu`yPpktwlrLsuryP_¡_=`yPp`LpDmusor`{²
) ¦q^p,rmmcl`y{pDmustpDmu`^t­¤°ltw£lyPp^p^r#~{s8» ) P½¦
¾Op³zny{qlmpDm8`Lk#ltWrso`pDmu`Qk#y{_=~SyPkopDmu`Qke^`y{pDmoso{tpDmu`Qk²Sy{p"y{^mut`pDm#£Y« rmml`yPpPmoso{tpDmo`
{q~Sy{tpDm
A
kyPqk £¡ª®yPsu_=`#kuq^t¢{pPmo`
σx =
P
π
[
1
R
− 2(a
2
1 + 2z
2)
a21(a
2
1 + z
2)
1
2
+
4z
a21
]
»n ) 2{½
σz =
P
π
[
1
R
− 2
(a21 + z
2)
1
2
+
2
2R− z
]
»n ) ¼D½
¾-p,^rª®y{so_motyPpk ~^£{p^`LkL²^£w=lrª®yPsu_motyPpkuq^t¢µ{pDm
z
k« rLsutm}£y{sk
εz =
1 − ν2
πE
(σz −
ν
1 − ν σx)
»n ) GD½
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C
O1
02
A
P
P
z
x
R
R1
R − z
z
z
R2
2a1
2a2
E, ν
E1, ν1
E2, ν2
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¾OpÈtpDmurL{spDm`pDmuso`
z = 0
`m
z = R
²y{p,y{lmot`LpDm}£`lrL~^£w{`L_=`pDmc0¥=£wy{_=~^so`LkokutyPpl`#£w
_=yPt­motr#kuq^~JrLsut`qsu`#lqÈjH£tpJlsu`P²^kyPt­m
δ1 = P
1− ν2
πE
(
2 ln
(
4R
a1
)
− 1
) »nLPD½
bcp^`©`l~^su`Qkukuty{p kt_=t£wtso`0~J`Lqlm,¿muso` yPlmu`LpHq^` ~Sy{q^s3£w³_=y{tmutr tplª®rsot`Lq^so`©lq jH£tplso`©vDq^t
y{p^q^t­mc¥¡£A« `l~^su`Qkukuty{pkuq^t¢pDmu`#l`#£w=y{_=~^so`LkokutyPpmuy{mo{£`#kuy{tm
δ = 2P
1 − ν2
πE
(
ln
(
4R
a1
)
+ ln
(
4R
a2
)
− 1
) »nLµ½
ÂS * / Ã!'0 *H5§6`8~^so`_=t`syP_¡_=`LpPmtsu`8yPp`Lsup`c£wvDq{£tmur8lq3surQkq^£mom ~surQrL^`pDm8»JQ½¦
xyPq^sO`L£²tpDmusoyllq^twkyPpk£8y{_=~^so`Lkokty{p¡« qp=^`_=t^~^£wp¡r£w{kmutwvDq^`{²y £A« yPp\^y{twktmOyP_¡_=`~Sy{tpPm
^`sorª®rLsu`Lp`8q^p,~Sy{tpDmc¥qp^`#~^soyª®y{pJl`q^s
d

δ = P
1 − ν2
πE
[
2 ln
2d
a
− ν
1 − ν
] »nLDP½
¾Op,\^yPtkutkokopDm
£`8~^suy{ª®y{p^`q^s
d
rD£`e¥
R
²H£wy{_=~^so`Lkokty{p'^q3l`L_=t­¤Z~^£wp^y{p^p^rL`e~Js#»nLD{½
kuy{qJk
`Qknmot_=`l`Q  £w=yP_¡~su`QkukutyPp'sor`L££`#lq3jH£tplso`#ly{p^pr`#~{s8»DP½ ^pJkq^p^`#P{_=_¡`#l`
~su`QkukutyPp ~~^£twvDq^r`
P
²y{soso`Lku~JyPp^pDme{q sorPt_=`9rL£PknmotvDq^`D»     	 ²AGP¼P{½¦/°£`Lkm8^t`Lp"£{ts
vDq^`È^{pk=l`Lk=D_=_=`Lk¡l`È\so{`L_=`pDmok~^£qk=t_=~Sy{sumo{pPmk=^pk=qpsorPt_=`3~^£PknmotvDq^`3£A« `Lsuso`q^s
sotwkuvDq^`#« ¿mosu`8^t`pÈkuq^~JrLsut`qsu`P¦
´ep`LkokuµjP`el`8ly{pp^`s^pJk
£w~sumut`kuq^t¢pDmu`eq^p'ª®yPpl`L_¡`LpDm _mo\^r_mutwvPq`¥£¡lrL_={so\`
Ply{~^mur`©~sÈÉc`sumuÊ{¦§¨`©^q^mÈ^`"`mmo`©~surQk`LpPmmotyPp `Lkm,6« `Qkukoµj{`Lsl`Àly{pp^`s,q^p^`ÀlrL_={so\`
Prp^rLso{£`~Sy{q^smosuyPq^¢{`Ls £A« ~^~^soyl\^`su`L£mut¢{`8r£w{kmutwvDq^`8`p,y{pDm{mtp^tmutw£`_=`pDm}£tp^rLtvDq^`P¦
1$,M9  / ^Æ +6 * 6 0Æ   PÃ@Â0* 0*H 0   *HÆYÂ'6 6 *H * / ÃL +6N6ÃLÂJÃA0;*H *PÃ,Æ *H'Ã!*HÅ @6Ä
/ 0;*H$0* 6 *,QÃQ  lÃA0YÂ / +6N6ÃLÂJÃA0;* 
´eplyPp^p^`^pk
`}~Js{s~\^` vDq^`L£vDq^`er£r_=`pDmk-kuq^~^~^£r_=`pDmtsu`QkOvDqpDm
¥#£A« tpDmu`Lsu~surmomotyPp
^`LksorLkuq^£­mmky{lmo`pHqk~Sy{q^s£`yPpPm{m^`8Éc`sumuÊ#tp^tmutw£`_=`pDm}£tp^rLtvDq^`P¦
±
`mmu` p^yPq^¢{`L££`-tpDmu`so~^sormmuty{p9~^suyP~JyDkrL`O~{s     ¸P¹6º  ¶  ¸^·¸,»nAG>2Hµ½6kL« {~^~^q^t`
kuq^sl`Lk
^r¢{`L£yP~^~S`_=`pDmok-{kujD_=~lmoymotvDq^`}l`c£kuy{£qlmotyPp¡~Js-s~~JyPsmO¥#q^p~Js_=]mosu`so`ppDm-yP_¡~^mu`cl`
£w=ltwknmp`« qp3~Sy{tpDmcyPq^so{pDm¥=£w=kq^suªÇ{`#l`yPpPm{mL¦^a}yPqk}{££y{pk`Lp~surQk`LpPmo`s£`LkPso{pl`Lk
£t{p^`Qkkq^s£A« `l`_=~^£`#l`LkmosuyPtkjH£tplso`Lk `pÈy{pDmoPmL¦
  *HLÅ0 6ÃA0ÇÂ / 0*H=Å*,Å{Æ *H$*PÃ 0 / ÃÂ 0Å{ÃA0ÇÂ / 0 K / 6 *PÃ0®ÃP6 (J7DÃ*
ε
bcp3~Sy{tpDmcyPq^so{pDm
^q3~£{p3LsumurLkut`p
(x∗, y∗)
`LkmclrLkut{p^r8~{s£¡¢sot{^£`y{_=~^£`l`#kq^t¢pDmu`
z∗ = x∗ + i y∗
»nL ) ½
´ep"yPpktwlrLsu`Lso£mu`sopmut¢{`_=`LpPm8q^pÀltwkuvDq^`¡¯p"r£w{kmutwvDq^`È»ÇyPpDmustpPmo`Lke~^£wp^`Qko½e`m#q^pÀjH£tpJlsu`
^`¡£y{p{q^`Lq^setpl¯pt}»Çlrª®y{so_=muty{pk~^£wp`Lk½²Wr£w{kmutwvDq^`Lktwky{musoy{~S`Lk¡¦§6``LpPmosu`=lqÀ`Lso£`¡tpJl`pDmur
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R
R′
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y∗
z∗l
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`Qknm#~SyPkut­motyPp^p^r¥
z∗ = i R
¦We`q^"`Lso£`Qksut{twl`Lk#^`¡sµj{yPpk
R′
`m
R′′
¢Ht`Lp^p^`pDmtpl`LpPmo`skopk
ª®soymumu`L_¡`LpDme£`9`Lso£`9`pDmus£A¦J§sorLkuq^£mopDmo`9l`Lke{muty{pkel`y{pDmoPmc~{scq^pt­morl`£yPp^{q^`Lq^sc`Qknm
pymurL`
F ∗
¦
´epÈlrQkt{p^`#~Js
u∗
`m
v∗
£`Lk}y{_=~SyPkopDmu`Qkl`lr~£P`_=`LpPmkr£w{kmutwvDq^`Lkkuq^t¢pDm}£`Qk}l`Qk
x∗`m
y∗
¦S´epÈlr¯p^tmcl`8_¡¿L_=`
w∗ = u∗ + i v∗
»nL{H½
´epp^ymo`e~{s
λ∗
£A« tpl`LpDmomotyPp'so`£wmot¢P`elq3`s£`sut{twl`e^`sµj{yPp
R′
pk £``s£`etpl`LpPmor{¦
§¨`8y{pDmoPm}ku`~suyllq^tm}kqsq^p^`8pJl`#l`8£{suP`q^s
l
vPqt6`Lkmq^p^`ª®y{pmuty{p,l`
F ∗
¦^§¨¡¢£tltmur
^`'£w kuy{£qlmuty{p ^`'£w0_=rmo\^yll`3^`É}`LsmoÊkuq^~^~SyPku`vDq^`3`mumu`3£yPp^{q`q^ssu`Qknmo`ªÇt^£`l`L¢pDm£`Lk
^t_=`pJkty{pkLs{morsotkmutwvDq^`Lkl`Qkkuy{£twl`Lk`p=yPpDmo{m`Lp~Jsumutwq^£t`LsRl`¢pDmR£wey{q^so^q^so`
l`QkRyPsu~k
`Lpy{pDmoPmL¦^±
`Lt{znqJknmot­¯`8£A« tpDmusoyllqmotyPp'« q^p'~S`mot­m~{so{_=]muso`
ε
lr¯p^tl`£9_p^t]so`ekuq^t¢µ{pDmu`
ε =
l
R
»nLDP½
acy{qk-y{_=_=`pDmo`soy{pkR£w8~S`sumutp^`p`}~^\HjlktwvDq^`}l`c`mumu`clr¯p^tmuty{p^{pkR£w#~^soyl\tp^`~sumut`{¦Db}p^`
so`£wmotyPp'twl`pDmotvDq^`#~S`qlm}¿muso`#rLsutmu`8~Sy{q^s£``Lso£`sut{twl`
ε′ =
l
R′
»nLPD½
§-« rQvPqJmuty{p,l`#£w=kq^suªÇ{`8tplª®rLsut`qsu`8p^yPp3lrª®y{so_=r`#lqÈ`Lso£`8r£w{kmutwvDq^`8`Lkm}ly{p^pr`#~{s
y∗(x∗) = R −
√
R2 − x∗2, »nL>2{½
vDq^t~S`q^mc¿mosu`#lrL¢{`£y{~~JrL`8¥¡£A« yPso^su` O(ε) ^pk£A« tpDmu`Lsu¢{££` |x∗| ≤ l/2 ²lkuy{qk£wª®y{so_¡`kuq^t¢pDmu`
y∗(x∗) ≈ x
∗2
2R
, |x∗| ≤ l/2 »nLP¼P½
e`8_=¿_=`{²H£A« rQvPqJmuty{p3l`8£¡kuq^sªÇP`kq^~Srsot`q^so`^q3`s£`esotPt^`ctplª®rsot`Lq^s~J`Lqlm¿mosu`#lrL¢{`£y{~~JrL`
~Js
y∗(x∗) ≈ −x
∗2
2R′
, |x∗| ≤ l/2 »nL=GP½
hHqt­mo`¥ £A« tpl`LpDmomotyPp6²£ kuq^suªÇ{`À« rLvDqmuty{p »D¼P½k`Àlrª®yPsu_=`"`p q^p^`³kuq^sªÇP`À« rLvDq¤
motyPp »n GP½¦ ´ep su`musoy{q^¢P`ÈkyPqkq^p^`0ª®y{so_¡`0kut_¡~£`0£w³yPpDmustpPmo`,{ryP_=rmusotwvPq`0¥À£Y« y{slso` O(ε)vDq^t~suyllq^tm}£`lr~^£w{`_=`pDm}kuq^t¢{pPm
v∗(x∗) = −1
2
(
1
R
+
1
R′
)
x∗2 + const., |x∗| ≤ l/2 »nµP½
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  *H:O 0*    0   Æ *H 0 / / *  *DÃµÂS¨Ã *, e`q^³zn`ql l`"¢sot{^£`Lk3kyPpPm3tpDmosuyllq^tmok~Sy{q^s
^rLsotsu`È£A« rmom'_=rL{p^twvPq`0lq kujHkmu]L_=`{¦-§¨`0~^so`_=t`Ls`Lkm'£`zn`q l`0¢sot{^£`Lk~~J`L£r0¢{sutw^£`Lk
tp^p^`s OvPqtDku`sum¥}lrQsotso`Oq^p^r¢{`L£yP~^~S`_=`pDm¥}£Y« y{slso` O(ε) ^pk¨£csurL{ty{p8`pDmoy{q^spDm6£`
yPpDmo{mL¦°£`Qknmc^r¯p^tl`#£¡_pt]Lsu`#kuq^t¢{pPmo`
Z =
z∗
l
, W =
w∗
l
, Λ =
λ∗
l
, F =
F ∗
µl
, P =
p∗
l
,
»nµlµ½
y 
µ
`Lkm£`#_=yllq^£`l`#twkot££`_=`pDm}lq,_morsot{qrL£PknmotvDq^`8`m
p∗
£=~su`QkukutyPpl`y{pDmoPmQ¦
´ep©su`L_={sovDq^`¡vDq^`£w£t_=t­mo`{²
ε → 0 ~Sy{qs Z ¯^lr¡_tpPmot`LpDm8£w£y{p{q^`Lq^s l ¯^l`=y{_=_=`¡q^p^`£y{p{q^`Lq^s{soPmurLsutwkmutwvPq`,^q y{pDm{mQ¦-§6`0^r¢{`L£yP~^~S`_=`pDmPkjH_=~lmuy{mutwvDq^`0yPsuso`Lku~JyPp^{pPmku`s
^y{p¢£t^`^pkqp^`8Êy{p`#`pDmuyPq^so{pDm £`#y{pDm{m}vDq^`#p^yPqklrLp^y{_=_=`soy{pk sorPtyPptp^p`s ¦
bcp©ku`LyPp=zn`Lq©l`¢µ{sutw£`Qk}`LkmetpDmusoyllq^tm8vDq^`¡k`Lso^rp^yP_¡_=rczn`q©^`¢sotw^£`LknyPqlmu`Ls²Jl`
£w¡_p^t]so`#kq^t¢pDmu`
z =
z∗
R
, w =
w∗
R
, λ =
λ∗
R
, f =
F ∗
µR
, p =
p∗
R
,
»nµ{P½
´ep su`L_={sovDq^`¡£y{skcvDq^`¡£'£t_=t­mo`{²
ε → 0 ~Sy{q^s z ¯Hr¡_tpDmut`pDm£w'^t_=`pJkty{p"s{murLsutwknmotvDq^`^qkuy{£tl`
R
¯^lr`P¦H§¨`elrL¢{`L£yP~^~J`L_=`pDmPkjH_=~lmoymutwvDq^`ey{sosu`Qk~Sy{pJ^pDm
ku`slyPpc¢{£twl`epk q^p^`
ÊLy{p^`8£y{tp3^`#£¡ÊyPp^`#l`yPpDmo{mL¦
±
`Qk}l`q^zn`ql,l`#¢sot{^£`Lk ~J`Lq^¢{`LpDm¿muso`#su`L£trLkl`#£w¡_p^t]so`#kq^t¢pDmu`
z = εZ, w = εW, λ = εΛ, f = εF, p = P
»nQ ) ½
     *HÆÇÂ6 6 *H * / Ã 0*Æ  LÂSÆÇÃA0YÂ / * /     0   Æ * 0 /:/ *, acy{qk#ª®`soy{pk#£A« \DjH~Symo\^]Lku`vDq^`£
kuy{£qlmotyPp0lq0~^soy{^£]_=`96« tpl`LpPmmotyPp ^pJk}£wsurL{ty{p tpp^`s #y{sosu`Qk~Sy{pJ3¥'£'kyP£qlmotyPp0lq0~^soy¤
£]L_¡`=l`¡|
yPqkoktp^`LkovS²JtA¦ `{¦²Sqp ~^£wp ku`_=t¤Atpl¯ptrL£PknmotvDq^`¡kyPq^_=tk¥£y{pDmoso{tpDmu`9{ryP_=rmusotwvPq`
»Q{P½¦/ £A« rQ\^`££`l`8£=sorPtyPp'tp^p^`sQ²l£A« tpl`LpPmmotyPpÀ»Q{P½
l`¢Ht`pDm
Vi(X) =
1
2
(ε+ ε′)X2 + const.
»nQD½
§3kuy{£qlmotyPp"lqÀ~^soy{£]L_¡`l`| yPqkukutp^`LkovÈkyPq^_=tk#¥3£w,y{pDmoso{tpDmu`¡{rLy{_=rmosutwvDq^`=~^sorLrQl`pDmo`
~S`q^mkL« rQsotso`#`p,mo`so_¡`Qkcl`9¢µ{sutw£`Qk ntp^p^`Ls9kuy{qk}£=ª®yPsu_=`9kuq^t¢pDmu`'»Ç¢{yPts9»  	  6·   	    A²
G{ ) ½½ 
4πWi(Z) = C − i F
[
κ [2ZQ(Z)− ln(Q(Z))] + 2Z̄Q(Z̄) − ln(Q(Z̄)) + 4(Z − Z̄)Q(Z̄)
]
»nµ{P½
y 
C
`Qknm£w³yPpknmpDmu`,tpyPp^pHq^`Èlq ~^soy{^£]_=`0l`0| y{qJkukutp`LkovÀ^t^t_=`pJkty{p^p`£c`m
κ
`Lkmq^p^`
y{pkmo{pDmu`_¡rQ{p^tvDq^`vDq^t6^r~S`p,lqÈyH`¬t`LpDmcl`8xyPtkokuy{p
ν
^`£w=_p^t]so`8kq^t¢pDmu`
κ = 3 − 4ν `pÈlrª®y{so_=muty{pk ~^£wp`LkL² »nQ{P½
κ =
3 − ν
1 + ν
`Lp,y{pDmustpDmu`Qk
~£{p^`LkL¦ »nµ=2{½
ÍÍ ÒT'UWVXY
   W!  
	 	! 
°£l`QknmR~SyPkokt^£`l`lr_=y{pDmosu`LsvDq^``mmo`}kyP£q^muty{py{sosu`Qk~Sy{pJ9¥eq^plr¢P`£y{~^~S`_=`pDmO{kujH_=~lmuy{mutwvPq`
`Lp'mo`so_=`Lk}l`8¢sotw^£`Lk tp^p`s 8lq,~^soy{^£]_=`#« r£w{kmutwtmur#¥=£A« yPsolso` O(1)§9ª®yPpmotyPp
Q
`Qknmclr¯p^t`#~s 
Q(Z) = 2Z − i
√
1 − 4Z2 »nµ¼D½
y  √
1 − 4Z2 `Lkm\^y{£y{_=y{so~^\^`#^{pk£`#~^£{p Z y{q~Jr#~{s£Y« tpPmo`so¢££` [−1
2
,
1
2
]
l`#£Y« l`8sor`£A¦^§¨
so{p\^`#\^y{twkut`#`Qknmc£w=^sp\`#~JyDktmut¢{`9kuq^s}£A« tpDmu`Lsu¢{££`{¦ey{pp^y{pk}£`QkcyP_=~JyPsmo`_=`pDmokc{kujD_=~l¤
moymotvDq^`Qkl``mmu`8ª®yPpmotyPp0
√
1 − 4Z2 = −2i Z
(
1 − 1
4Z2
)
1
2 ≈ −2i Z
(
1 − 1
8Z2
)
,
~JyPq^s |Z| → ∞ »nµ GP½
§¨`kjH_9Sy{£`
ln
lrLp^ymo`8£¡^sp\`~sutpt~{£`#lq,£y{P{sutmu\_¡`8kuq^t¢{pPmo`
lnQ = ln |Q| + i argQ »L{D½
§ kuy{£qlmuty{p »Q{P½#komutwkªÇtm£w yPpDmustpPmo`{rLy{_=rmosutwvDq^`'µ¢{`Q£wÈsu`L£muty{pkuq^t¢µ{pDmu`'`LpDmuso`£
sorLkuq^£mo{pPmo`#l`Lk`SyPsmk`m}£w£wso{`Lq^sl`8£=Jpl`#l`y{pDmoPm
F = π
ε+ ε′
2(κ+ 1)
»nQ^µ½
     *HÆÇÂ6 6 *H * / Ã0*ÈÆ  QÂJÆY¨Ã0ÇÂ / * /     0   Æ * µÂJÃ!*, ¾Op,kqt¢pDm£w9_=rmo\^yll`8`_=~^£yj{rL`
~JsÉ}`LsmoÊ{²OyPp kq^~~JyDk`0vDq^`È£wÀkyP£qlmotyPp lq ~^suyP^£]_=`È`p l`L\^y{skl`È£wÀÊy{p`,^` yPpPm{m=`Qknm
^y{p^p^rL`9~{se£w'kuy{£qlmotyPp lq ~suyP^£]L_=`« q^p©`s£`r£w{kmutwvDq^`kuy{q_¡twk¥'l`LqlÈª®y{s`QkcyPp`LpDmusor`Lk
`Lp
z = 0
`m
z = i
¦ °£R`Lkm8~SyPkokut^£`=l`¡^r_=y{pDmuso`s8vDq^`=£3kuy{£qlmuty{p"l``¡~^suyP^£]_=`¡y{sosu`Qk~Sy{pJ
{qlr¢P`£y{~^~S`_=`LpPm¥#£A« yPsolso` O(1) lq'~suyP^£]L_=`c« r£w{kmutwtmure6« q^p`s£`ckuy{q^_=twk-¥l`Lk-~^su`Qkukuty{pksor~Jsumut`Lkltw_=rmoso{£`L_¡`LpDmyP~^~SyPkur`LkL¦
±
`mmu`kuy{£qlmotyPp~^so`pJ£wª®y{so_=`8kuq^t¢pDmu`8`p,¢sotw^£`y{q^mu`s 	
4πwo(z) = −i f
[
κ ln (
2z
2 + i z
) + ln (
2z̄
2 + i z̄
) +
z
z̄
+
2 + i z
2 − i z̄ + (κ− 1)(1 + iz) − κ
]
+ C ′
»nQPP½
y 
C ′
`Lkm}£wy{pJknmpDmu`¥lrmu`Lsu_=tp^`s}`LpÈ\^y{twktwkoku{pPmq^pÈ~Sy{tpDm}~sumutwq£t`sc^`#£=sorPtyPpy{qlmo`s ²
y{_=_=`8~s`H`L_=~^£`8£``LpPmosu`#lqÈ`s£`8kut£`Lk`Wy{sumokkuy{pDmrLvDq^t£t^sorLk
 ^Å{ÅPÂ/0*H * / Ã"0*H"0   *HÆÇÂ6:6 *D * / ÃQ§¨`Lkl`q^#kuy{£qlmotyPpk¨~surQk`LpPmor`Qk-»nµ{P½R»nQP{½¨ltSrLsu`LpPm
LsR`L££`LkyPpPm-^`ql9tpDmu`Lsu~^sormmotyPpk~^\HjlktwvDq^`LkRltwkmutpmo`LkL¦{e{pk£w8£t_=t­mo`}lq=~^suyP^£]_=` ntp^p^`Ls²£
£y{p{q^`Lq^s
l
`Qknm-_{tpDmu`LpHq=¯^l`e£y{skRvDq^`
R
mu`Lp¢{`LsokO£Y« tp^¯p^tA¦l´epso`mosuyPq^¢{`}{£yPsokq^p'~^suyP^£]_=`cl`
mnjH~S` | yPqkukutp^`Lkove6« q^p=l`L_¡t¤Z~^£{p\{suPrO~{sq^p`
~^so`LkokutyPpsurL~sumut`{¦Qe{pk£e£t_=tmu`lq~suyP^£]L_=`
y{q^mu`s ²S£w3£yPp^{q`q^s#l`sorª®rLsu`Lp`=lqÀ~^soy{^£]_=`
R
`LkmyPpk`Lsu¢Pr`=£y{sk8vPq`
l
mu`Lp"¢{`Lsok
0
¦´ep
so`mosuyPq^¢{`8£y{sk £`8~^soy{£]L_¡`#« q^pÈkuy{£tl`#kuy{q^_=twk¥¡q^p^`8ª®y{s`#y{p`pDmusor`P¦
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( P
´epÈ~S`qlm`~S`pJ^pDmc`Qk~Srso`scvDq^`9£`Qk}l`q^,lrL¢{`L£yP~^~J`L_=`pDmok}6« q^pÈ_=¿L_¡`9~s_=]mosu`^`#~J`Ls¤
moq^somotyPp y{pDm=`p yP_¡_q^p qp^`,Êy{p`3l`3¢£t^t­mor,pk¡£w{vDq^`££`t£k=~S`q¢{`pDm=¿mosu`,so`£trQk¦ ¯p
^`9£`Lkesu`L£t`sQ²JyPp0qlmot£tku`9qp^`so]P£`l`9s{Ly{sl`L_¡`LpDmel`LklrL¢{`£y{~~J`L_¡`LpDmok}twkokq^`¡l`Lkcmu`Q\^p^twvDq^`Lk
^`~S`sumuq^somuty{pk¡»      ·W²AG>2P½}vDq^t~J`Lqlmk« rp^yPp`Ls{tpJkt  £`¡lr¢P`£y{~^~S`_=`LpPm tp^p`s ¥
£A« y{slsu` O(∆) lq'lrL¢{`£y{~~J`L_¡`LpDm nyPqlmu`Ls}¥#£A« yPso^su` O(δ) ly{tm-¿mosu`et^`pDmutwvDq^`cq^r¢{`L£yP~^~S`_=`pDmy{q^mu`s ¡¥,£A« yPso^su` O(δ) lq³lrL¢{`£y{~~J`L_¡`LpDm ntp^p^`Ls ¥,£Y« y{slso` O(∆)¦acy{qk#`l~^sut_=`soy{pk#`mumu`so]P£`8kuy{qk£wª®y{so_¡`#kuq^t¢µ{pDmu`
wi]o = wo]i
»nQ ) ½
acy{qk}{££y{pJk
¢Py{tsy{_=_=`pDmc`mmo`8su]L{£`~S`so_=`mcl`#lrmu`Lsu_=tp^`s£`Lky{pkmo{pPmo`LktpyPp^pHq^`Lk^q
~suyP^£]L_=``mcl`ª®y{q^sop^tsq^pÈ\_=~,l`lrL~^£P`L_¡`LpDm¥¡£A« yPso^su` O(1) kuq^s£`8kuy{£twl`8`pDmut`sQ¦}¯pl`8yPpkmusoq^tso`
wi]o
²P£`Lk
¢sot{^£`Qk tpp^`s e^pJkc»nµ{P½Okuy{pDm
so`_=~^£w{r`Lk-~s
£`Qk-¢{sutw^£`Lk
y{q^mu`s c{s {`e¥3»nµ ) ½¦^§6`surQkq^£mom `Qknm}lrL¢{`L£yP~^~Jr`pª®y{pJmuty{p3l`
ε
¥9£A« y{slsu` O(1) ¦^§¨`^r¢{`L£yP~l¤~S`_=`LpPm y{q^mu`s ¥¡£A« yPsolso` O(1) lqÈlrL¢{`£y{~~J`L_¡`LpDm tp^p^`s ¥=£A« yPso^su` O(1) ¢qlmclyPp	
4πwi]o = εC + i f(κ+ 1) ln ε− i f
[
κ ln z + ln z̄ +
z
z̄
+ 2(κ+ 1) ln 2 +
1
2
(κ− 1)
]
, ε→ 0
»nQH½
±
`mmo`Osu`L£muty{p8~S`qlmmuy{q^mqJkukut^t`p#¿muso`OsurL`l~^sot_=rR`Lp8mu`so_=`-l`Qk6¢sot{^£`Lktpp^`s R^`O£}_={p^t]so`
kuq^t¢pDmu`
4πWi]o = C − i F
[
κ lnZ + ln Z̄ +
Z
Z̄
+ 2(κ+ 1) ln 2 +
1
2
(κ− 1)
]
, |Z| → ∞ »nQP{½
¾-££`=`l~^sot_=`=£y{skc£`¡y{_=~Sy{sumu`_=`LpPm#{kujH_=~lmuy{mutwvPq`¡lqÀlrL~^£P`L_¡`LpDm8^{pk£`l`L_=t­¤Z~^£wp rL£Pkn¤
motvDq^`¥¡£A« tpl¯ptY¦
e`,£©_=¿_=`_{p^t]Lsu`
wo]i
~J`Lqlm¿muso`ª®y{so_¡r3`psu`L_=~^£  {pPm¡£`Qk¡¢µ{sutw£`Qk tpp^`s ~{s£`Lk
¢{sutw^£`Lk y{qlmo`s ^{pk#»nQP{½¦S´epyPlmut`pDmc{£yPsok¥¡£Y« y{slso` O(1) £Y« `l~^so`LkokutyPpkuq^t¢{pPmo`
4πWo]i =
C ′
ε
− i F
[
(κ+ 1) ln ε+ κ lnZ + ln Z̄ +
Z
Z̄
]
, ε→ 0 »nQ{P½
`#vPqt6~J`Lqlm}¿mosu`#¥=p^yPq^¢{`Qq`l~^sot_=r`8`Lpmo`so_=`Lkl`8¢sot{^£`Lk y{qlmo`s 
4πwo]i = C
′ − i f
[
κ ln z + ln z̄ +
z
z̄
]
, |z| → ∞ »nQ 2½
±
`mmo`¡l`Lsupt]Lsu`su`L£muty{pÈ`l~^sot_¡`¡£`yP_=~JyPsmo`_=`pDmPkjH_=~lmoymutwvDq^`^q©lrL~^£P`L_¡`LpDm~^soyl\^`^q
~Sy{tpDm}l`ktp^Pq^£{sutmur8y 3kuy{pDm}~^~£twvDq^r`Qk£`Qk ª®y{s`Lky{p`pDmusor`Qk¦
§¨`Lklr¢P`£y{~^~S`_=`pDmk9»nQH½`m»nQ 2½~J`Lq^¢{`LpPm¿mosu`soPyPso^`s{s {`¥£wso]P£`'»L ) ½`me£A« yPp
yPlmut`pDm}£y{sk5
εC − C ′ = i f
[
(κ+ 1)(2 ln 2 − ln ε) + 1
2
(κ− 1)
] »nQ{¼D½
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so`£wmut¢{``QknmOmosuyPq^¢{rL``pL£wq^£wpDmO£`clr~£P`_=`LpPm
su`L£mutª^q
^`_=t­¤Z~^£wp=r£w{kmutwvDq^`~{sOso{~^~Sy{sumR{q`pDmosu`}lq`s£`{¦P±
`Qk-l`Lql¡lrL~^£w{`L_=`pDmokOkuy{pDm-lyPp^p^rQkR~s
£w~sumut`et_Ptp{tso`c`Lp
Z = 0
l`Lk rLvDqmuty{pk8»Q{P½O`m»nLD{½¦l¾-pqlmot£twku{pPm»L{¼D½O~Sy{qs rL£t_=tp`s
£`Lky{pkmo{pDmu`LkL²ly{p3y{^mut`pDm~JyPq^s}£A« {~^~^soyH\`eso`£wmot¢P`e£wkyP£q^muty{p,kq^t¢pDmu`
4πλ = −κ+ 1
2
f ln
(
eε2
64
) »nQGD½
y 
e
`Qknm3£{ku` lq £y{Dsot­mo\^_=`Èpmoq^so`£A¦±
`mumu`©`l~^so`Lkokty{p ~S`qlm,¿mosu`0sorrQsot­mo`0`p ¢{sutw^£`Lk
Plt_¡`LpkutyPp^p^r`Qkl`#£¡_pt]Lsu`#kuq^t¢{pPmo`
λ̃ = −f̃ ln(f̃) »n2P½
λ̃ =
eλ∗
4R (1 +R/R′)
»n2Hµ½
f̃ = e(κ+ 1)
F ∗
32πµR (1 +R/R′)
»n2P½
dÈyjP`p^pJpDmvDq^`£wvDq^`Lk_p^t~^q^£wmotyPpk_=mu\^rL_mutwvDq^`Lk¡kut_=~^£`LkL²yPp~S`qlm=_=y{pDmuso`s¡vPq`'£A« yPp
so`mosuyPq^¢{`^t`p3£Y« tpl`pDmmuty{p,rL£PknmotvDq^`#lyPp^p^r`8~{s}É}`LsmoÊ»®¢{yPtsrQvPqJmuty{pÀ»nLµ½n½¦
±
`8sorLkuq^£­mm~S`qlm}¿muso`rmu`LplqÈku{pklt¬q^£mur¥¡£Y« tpl`pDmmuty{p,« q^pÈ`Lso£`r£w{kmutwvDq^`#^pkqp
{qlmuso`8`s£`r£w{kmutwvPq`l`8~^soy{~sutrmorLk
_¡rQ{p^tvDq^`Qklt­Wrso`pDmo`LkL¦J´ep'y{^mut`pDm£Y« `l~^so`Lkokty{pkq^t¢pDmu`
~Sy{qs£¡so`£wmuty{pª®y{s`µtpl`LpPmmotyPp0
λ̃ =
η1
η1 + η2
f̃ ln
(
R2
R1
f̃
)
− η2
η1 + η2
f̃ ln
(
R1
R2
f̃
) »n2 ) ½
λ̃ =
e(λ∗1 + λ
∗
2)
4(R1 +R2)
»n2µH½
f̃ =
eF ∗(η1 + η2)
32π(R1 +R2)
»n2P½
ηi =
κi + 1
µi
»n2D½
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G 2lQ½¨~^suyP~JyDk``Lpl¯pl`}y{pkmusoq^tsu`q^p^`ekyP£qlmotyPp`Lp=mu`Lsu_=`}lrL¢{`£y{~~J`L_¡`LpDmR¥8£A« y{slsu` O(1) ¢µ{£twl`kuq^s,£`"`s£`"y{_=~^£`mL¦	°£kL« {{tm,^y{p"l`Ày{pJknmosuq^tso` q^p^`³lrL¢{`L£yP~^~J`L_=`pDm,y{_=~SyPkut­mo` mo`p{pPm
y{_=~lmo` l`l`LqllrL¢{`L£yP~^~J`L_=`pDmok^{pk£`QksorPtyPpk ntp^p^`Ls
`m nyPqlmu`Ls¦!°£wkqlmot£tku`pDm~JyPq^sO`L£eq^p^`
py{q^¢P`££`8so]{£`8l`yPpknmosuqJmuty{p3« q^pÈlr¢P`£y{~^~S`_=`pDm}yP_=~JyDktmu`lyPp^p^r8~{s»®¢{yPts#»      ·W²
G 2{{½½ 
wc = wi + wo − wi]o
»n22{½
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¾Op,\^yPtkutkokopDm
C ′
~Sy{q^slyPp^p^`s q^p3lr~^£w{`_=`pDmpHq^£q`pDmuso`e^q`Lso£``m
C
vDq^tWso`Lku~J`Qmu`
£w=yPpltmuty{p,l`#soPy{sl`_=`pDm#»nQ{¼P½²ly{p,y{lmot`LpDm£`lrL~^£P`L_¡`LpDmy{_=~SyPkut­mo`8kuq^t¢pDm
4πwc = −i fκ
[
2
z
ε
Q
(z
ε
)
− ln
(
1
ε
Q
(z
ε
)
)
− ln(2 + i z)
]
−i f
[
2
z̄
ε
Q
( z̄
ε
)
− ln
(
1
ε
Q
( z̄
ε
)
)
− ln(2 − i z̄)
]
−i f
[
+4
(
z − z̄
ε
)
+
2 + i z
2 − i z + i (κ− 1)z +
1
2
(κ− 1)(1 − i π) − 2(κ+ 1) ln 2
]
»n2¼D½
´eplyPp^p^`'kuq^s£,¯J{q^so`È ) £w0yP_=~stwkyPp©`LpDmuso`£`Qk9lrL¢{`£y{~~J`L_¡`LpDmok tp^p^`s ² nyPqlmu`Ls `m
y{_=~SyPkut­mo`{¦-´ep¢Py{tm=vDq^`,£`3^r¢{`L£yP~^~S`_=`pDm ntp^p^`Ls,{q^_9q£`3q^p^`,`soso`q^s=¥ £A« y{slsu` O(1) q`pDmuso`
^q¡`s£`
{koku`Ê-t_=~JyPsmpDmu`£y{sk¨vDq^`£` ^r¢{`L£yP~^~S`_=`pDm y{q^mu`s -~^sorLku`pDmu` q^p^`kutp^Pq^£wsot­mor
£y{Dsot­mo\^_=tvDq^`8q3~Sy{tpPmc6« {~^~^£tLmuty{p,l`#£wª®y{s`#yPp`LpPmosurL`{¦
±
`mmu`=yP_=~stwkyPp3^`Lklr¢P`£y{~^~S`_=`pDmkc~S`so_=`m^`9so`¢{`Lp^tsekuq^sc£w¢£twlt­morlq surQkq^£moml`
Éc`sumuÊ`LpÀ^r~^£w{`_=`pDm~Sy{q^sqpÀy{pDmoPm#tp^t­mot{£`L_=`pDm9£tp^rLtvDq^`vDq^`£A« y{p³,lrnz¥Èy{_=_=`pDmur{q
6 ^¦{¦×l¦P´epyPpkmomo`}vDq^`ckut^£`c~JyPtpDm
l`csurª®rso`p`{²y £Y« y{pkuq^~^~SyPku`}£`elr~^£w{`_=`pDm-y{p^pHq6²Pp6« `Qknm
~J{k~^soyl\^`0l`0£wkuq^suªÇ{`0^` yPpPm{mL²O£A« {~^~^soyµlt_motyPp ^` É}`LsmoÊ l`¢Ht`pDmPkuku`ÊÈs~^twl`L_¡`LpDm
_{q^¢twk`P¦°£`Qknm ly{pcp^rL`Lkoku{tso`{²y{_=_=`c`L£`Lkm-ªÇtm-twtWl`cy{sosut{`LsR~s
£Y« rmm
l`Qk
y{pDmustpDmu`Qk
pk£`Lky{so~k`pÈyPpDmo{m ~Jsq^p,rmmcl`#y{pDmoPmmu`LppDmcyP_=~lmu`#l`#£w¡{ryP_=rmusot`P£yP£`8l`Lk
y{so~kL¦H§=kyP£qlmotyPp3^q3~suyP^£]L_=`8kuy{qJkq^p^`\{suP`eyPp`LpDmusor`8~J`Lsu_=`mcl`8su`L_¡rQlt`s}¥=`L£¦
1$, ?  6 6Æ0ÇÅ^ÃA0ÇÂ /  I 0 K ^Ã*H=Å^ 6  µÃA0YÅ{Æ0 * 
pk`mmo`e~Jsumut`{²Dy{p^y{p^p^`vDq^`£wvDq^`Lk sorLkuq^£­mmk
vDq^tSy{pDm~^q'¿muso`cso`£`¢{rQk
pk
££t­mumursmoq^so`
y{p`soppDml`Lk{~^~^soyl\^`Lk so`£wmut¢{`Qk r£w{kmutwvPq`Lk`pÈl`Lqllt_=`pkuty{pkL¦
 6:6Â6Å @* *HÆ lÃ0   * 0 K / Å{Â  6 L  / 6Æ  / 0 K 6D0YL *H   / 0 * « ~^so]Lk     	 
»AGP¼P{½²-£A« {~^~^soyl\^`0so`£wmut¢{`"« q^p y{so~kso`£wmot¢P` kqsq^p ~^£wp « r~Jtwkuku`q^s¯p^t`{²
t
~S`qlm,¿mosu`
{~^~^soyl\^r`8yPsuso`Lmu`_=`LpPm~{s£¡so`£wmuty{pÀ»nLDP½O`Lp,\y{twktwkukopDm
d = t
²^kuy{tm
δ = P
1 − ν2
πE
[
2 ln
2t
a
− ν
1 − ν
] »n2GD½
±
`sorLkuq^£momevDq^`£A« yPp0lrnz¥'ly{p^pr9¥¡mutmuso`l`y{_=~{so{tkuy{p,q 6 ¦P¦ ¡`Qknme¢µ{£{^£`~JyPq^scqp
~£{p« rL~twkok`Lq^sW¯p^t`O`pJ{kmusorOkuq^s6q^p_Pkukut­ªHsotPtl`P¦§6`
lr~^£w{`_=`pDm¨lq9~JyPtpDm¥q^p`O~^soyª®y{pJl`q^s
t
`Lkmcly{pJkuq^~^~SyPkur8pHq^£Y¦
±
`surQkq^£momcso`Lkmu`¢£twl`^{pk}£`L{lso`9l`Qk}\HjH~Jy{mu\^]Qk`Qkcl`¡É}`LsmoÊ9yÈ£`Lklt_=`pkutyPpkcLs{¤
morsotkmutwvDq^`Lkl`yPsu~Jkc`Lp©yPpDmo{m8kuy{pDm{sp^kl`L¢µ{pDm£wmt££`=l`=£'Êy{p`¡l`=yPpDmo{mL¦pk8`
L{k9~^surQtwk²`£w0ku`mosoPlq^tm9~s
t ≫ a
¦¾OpyPqlmuso`{²kq^tmu`3¥È£wÈsu`L_svPq`vPqt Èrmur'ªÇtmu`'^{pk
£`~{so{{s~^\`~surQrL^`pDmL²J£Y« r~{tkoku`q^sep^`9lyPt­m~{kc¿muso`#mosuyP~È{spl`Lse£¢{£twltmur^q yPpPm{m
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^`=Éc`sumuÊ¡~JyPq^s#q^pÀyPpPm{mtp^tmutw£`_=`pDm#£tp^rLtvDq^`=~S`qlm¿muso`_=twk`=`pÀlrªÇqlm#~Sy{q^s#q^p"~Sy{tpPml`
sorª®rLsu`Lp`emusoy{~3r£y{t{pr8^`#£=kuq^sªÇP`#l`#yPpDmo{mL¦
 ·( ·^¸ 	È»AGP{¼P½²W~^q^twk»    	    ·^¸ 	²
AG>2P½}ª®y{qsup^twkok`LpPm#£A« {~^~^soyl\^`so`£wmot¢P`¡6« q^p
jH£tplso`}kqsOq^p^`¯Jp^`cyPq\^`rL£PknmotvDq^`}y{££rL`}kq^s-q^p~^£wpsotPtl`yPq=`pyPpDmo{m-ku{pkª®soymumu`_=`LpPm
kuq^s}qp3~£{pÈsut{twl`{¦^§kyP£q^muty{pÈlqÈ~^soy{^£]_=`l`| yPqkukutp^`Lkov`LkmelyPp8rLLsumurL`8{qÈ~^soy¯^mc« q^p^`
kuy{£qlmotyPpkq^s¡q^p^`3yPq\^`'rL£PknmotvDq^`'_¡tp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yPpDmuso`
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yPq^~~^£qkyP_¡~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sq^p`
so`L\^`Lso\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sot¢Pr`Lk
~Jsumut`££`Qkl`8£Y« r£w{kmutw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sot`Qkl`^yPq^sut`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bcp"~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yPq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~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k 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y{pDmc\^`Lso\r8¥=lrmu`Lsu_=tp^`s}£`Lkcy{pDmoso{tpDmu`Qk _=lt_£`Lk
pkq^p`y{qJ\^`erL£Pknmoy{~^£w{kmutwvDq^`8tpJl`pDmurL`8~sq^pÈjD£tplso`{¦
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y{p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p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p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k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^`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s £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kuy{q_¡twku`Lk-¥
qp^`\so{`yPp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`LpPmosurL`{¦
±
`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~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y{q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`P¦J§=~^sutwku`#`p0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yP_=_¡`,l`Qk9~^£w{vDq^`Qk9~£{p^`Lk
kuy{tmy{_=_=`'l`Lk¡l`L_¡t¤Z`Lku~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`Qkc^{pkc`Lkmosoµ¢{ql²^£`Qkc~sutp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{ql3sorLkuq^£momok}vDq^`£Y« y{pÈ~S`qlmemusoy{q^¢P`scpk
£w}£tmmurLsomuq^so`
kuy{pDmy{pJkt{p^rQk¨^{pk£`
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2∆
so`~^sorLku`pDmu` £w#lrª®yPsu_motyPp¡^`LkOl`Lql~£{pkR~^so`LkokrQk£Y« q^pyPpDmuso` £A« qlmosu`q`pDmuso`}l`}yPpDmo{mL²
δr
£wlrª®yPsu_motyPpmoymo{£`lq=jH£tp^su``m
δ
£wlrª®yPsu_motyPpmoymo{£`l`l`LqljH£tpJlsu`Qky{_=~^so`LkokopDm
qp,jH£tplso`{¦
°£¨y{pH¢Ht`LpDm« ¿mosu`mosu]Qk~^suqJl`pDm}µ¢{`Qc£A« q^mut£twkumuty{p,l``QksurQkq£­mmokL¦ °£kkuy{pDm}kuy{q^¢P`pDm £`8ª®soq^t­m
6« q^p`'{£t^smuty{pÀPsuyDkukut]Lsu`=kuq^s9l`Qk`l~Srsot`Lp`Qkl`£wSy{smoy{tsu`muso]Lk9~sumutwq£t]so`LkL¦6b}p^`3{_¤
~J{p`8^`8L£wq^£pHq^_=rLsutwvDq^`#l`#¢£t^muty{p,k`Lso{t­m}k^so`_=`pDmmuso]Lktpkmusoqmot¢P`{¦
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W`m9l`=£w3y{q^so^q^so`=l`Lk
kuq^suªÇ{`Lk#`Lpy{pDm{m9{~^~{smo`p{pPm9{ql`q^ÀjD£tplso`LkL¦¨§6`'^r¢{`L£yP~^~S`_=`pDm9`LpvPqJ{lsotvDq^`^`£
mo\^ryPsut`8l`#É}`sumuÊ8`Qknmso`_=~^£w{r~{s £w¢{rsotmo£`rLvDqmuty{p,lq3`s£`{¦±
`8surQkq£­mmp6« {~^~Sy{sumu`8~{k
^`8\Jp^P`_=`pDmokkut{p^t¯JmutªÇk~{ks~~JyPsmql~^surQltwmuty{pJklq 6 ^¦{¦×l¦
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2)
πE
[
1
2
− ln(a
2
)
]
        	                 	    	                   	                	      	     2a 	        	                    
        "    2∆ = 4P (1 − ν
2)
πE
[
1
2
− ln( a
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+ ln
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+ ln
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+ ln 2 + ln
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Q
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Q =
√
2(x2r + z
2
r)
1 +
√
1 + (xr/c)2 + (zr/c)2
exp
(
−z2r
2(1 − ν)(x2r + z2r)
√
1 + (xr/c)2 + (zr/c)2
)
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s
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£w{kmutwvDq^`O`LpPmosu`
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kuy{£t^`Lk~Sy{q^syPpPm{m¨tpt­mot{£`L_¡`LpDm£tp^rLtvDq^`P¦Qacy{qk££yPpk`Qkukoµj{`Ls
^`}~^sorLku`pDmu`LsO^sot]L¢{`_=`LpPm
£`QkO{spJl`LkRrmo{~J`Qk-l`c`mumu`c_=rmu\^yll`P¦,¢pDm
`L£so{~^~J`L£yPpkR£`Lk-rLvDq¤
motyPpk8vDq^t£t`pDm#£`=lrL~^£P`L_¡`LpDm#¥£wkuq^suªÇ{`¡« q^p"^`_=tR~^£wp rL£PknmotvDq^`
u(x, y), v(x, y), w(x, y){ql'~^so`LkokutyPpk~^~^£twvPqr`Lkkuq^sq^p`kq^suªÇ{`
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u(x(, y) =
1
2πE
∫
S
X(ξ, η)
[
1 − ν
r
+
ν(x− ξ)2
r3
]
dξdη
»nL¼PP½
+
1
2πE
∫
S
Y (ξ, η)
[
ν(x − ξ)(yη)
r3
]
dξdη
− 1 − 2ν
4πE
∫
S
Z(ξ, η)
x− ν
r2
dξdη
v(x(, y) =
1
2πE
∫
S
X(ξ, η)
[
ν(x− ξ)(yη)
r3
]
dξdη
»nL¼Q½
+
1
2πE
∫
S
Y (ξ, η)
[
1 − ν
r
+
ν(x− ξ)2
r3
]
dξdη
− 1 − 2ν
4πE
∫
S
Z(ξ, η)
x− ν
r2
dξdη
w(x(, y) =
1 − 2ν
4πE
∫
S
X(ξ, η)
x− ν
r2
dξdη
»nL¼D{½
+
1 − 2ν
4πE
∫
S
Y (ξ, η)
x− ν
r2
dξdη
− 1 − ν
2πE
∫
S
Z(ξ, η)
Z(ξ, η)
r
dξdη
y £`Lk ª®yPpmotyPpk
X,Y, Z
kyPpPm}lr¯p^t`Lk}¥¡~{smots}^`LkyPpDmustpPmo`Lkl`#£w¡_={p^t]so`8kuq^t¢pDmu`
X(x, y) = −τxz(x, y)
»nQ¼ ) ½
Y (x, y) = −τyz(x, y)
»nQ¼D½
Z(x, y) = −σz(x, y)
»nQ¼P{½
§{spJl`q^s
r
su`L~^surQk`LpDmu`#£w'ltwknmp`9« q^p ~Sy{tpDml`\so{`L_¡`LpDmeqÈ~Sy{tpDmey £Y« y{p0\^`Lso\`£`
^r~^£w{`_=`pDm
r =
√
(x− ξ)2 + (y − η)2 »nQ¼{D½
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§¨`8kujlknmo]_=`8¥sorLkuy{qJlsu`vDq^t6yPsuso`Lku~JyPp{q'~^soy{^£]_=`8l`#| y{qkoktp^`Qkuv¡so`¢Ht`LpDm¥¡r¢{£q^`Ls£`Qk
6tpDmurL{s£`Lkkqt¢pDmo`Lk~Sy{q^sq^p`8ª®y{pmuty{p,l`\so{`L_=`pDm
f(ξ, η)
ly{p^pr`
I1(f, x, y) =
∫
S
f(ξ, η)
r
dξdη
»nL¼>2½
I2(f, x, y) =
∫
S
f(ξ, η)
(y − η)2
r3
dξdη
»nL¼P¼P½
I3(f, x, y) =
∫
S
f(ξ, η)
(x− ξ)2
r3
dξdη = I1 − I2
»nQ¼GD½
I4(f, x, y) =
∫
S
f(ξ, η)
(x− ξ)(yη)
r3
dξdη
»nAGPP½
I5(f, x, y) =
∫
S
f(ξ, η)
(x− ξ)
r2
dξdη
»nAGQ½
I6(f, x, y) =
∫
S
f(ξ, η)
(y − η)
r2
dξdη
»nAGD{½
§-« `Lpku`_9£`#l`QktpDmurL{s£`Lk¥¡`Lkmut_=`s}~S`qlm}¿muso`8_¡twk}kuy{qk£wª®y{so_=`
I =
∫
S
K(x, y, ξ, η)f(ξ, η) dξdη
»nG ) ½
  *H 0*    0   Æ *D 6
ÂJ Æ * 0   *HÆYÂ'6 6 *H * / Ã +6N6ÃLÂJÃA0;* §,lr_s\^`{^y{~lmor`=~s
  ·^¸ »AG 2lLD½#`Lkml`Èy{pJktwlrso`s¡q^p^`Èkuq^suªÇ{`,l`,\so{`L_=`pDm
S
y£©£{suP`q^s
l
`Lkm=t`Lp
tplª®rLsut`q^so`}¥#ko#£yPp^{q`q^s
L
²{£`muyPqlm-rmpDmOtplª®rsot`Lq^s
¥8£wlt_=`pkuty{p{soPmurLsutwkmutwvPq`
R
l`LkOy{lzn`mok
`Lp3y{pDmoPmQ²^kyPt­m
l ≪ L ≪ R
»nAG{D½
 ~{smotsRl`}`mumu`\HjD~Symo\^]Lku`{²t£l`W`Lmuq^`qp=^r¢{`L£yP~^~S`_=`pDmR{kujD_=~lmoymotvDq^`l``QkRltSrLsu`LpPmo`Lk
tpDmurL{s£`Lk
~ss~^~Sy{sum{ql's~^~Sy{sumok `LpPmosu`£y{p^Pq^`q^s`m£wso{`Lq^sl`#£¡kuq^sªÇP`P¦DxyPq^ssurQ£tku`s`
^r¢{`L£yP~^~S`_=`pDmL²l£`Lk\Jp^P`_=`pDmok^`¢{sutw^£`Lkkuq^t¢pDmokkuy{pDmtpDmosuyllq^tmok
ξ = na(m) + b(m), |n| ≥ 1 »AGPP½
m =
η
L
,
»nG{D½
ŷ =
y
L
»nG 2{½
`#vPqt¨ly{pp^`8~JyPq^s£=_=`Qkq^so`#l`8£Y« tpPmorPso{£`
dξdη = La(m) dndm
»nG{¼D½
pJk`#\p{`_=`LpPm}l`8¢sotw^£`LkL²
a(m)
so`~^sorLku`pDmo`e£w=l`_=t¤A£wso{`Lq^s ^`#£=kuq^sªÇP`8l`yPpDmo{mL²
ξ = b(m)
so`~^sorLku`pDmo`£Y« rLvDqmuty{p³l`'£wÈ£tPp^`_=yj{`Lp^p^`l`3yPpPm{m`m
L
£0^`_=t-£y{p^Pq^`qslq
y{pDmoPmQ¦J´ep3kuq^~^~SyPku`#vPq`
a(m)
`m
b(m)
kuy{pDm}yPpDmutp _¡`LpDmclt­Wrso`pDmot{^£`Qk ~JyPq^s |m| > 1 ¦
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§-« tpDmurPso{£`=»nG ) ½-~S`q^mcly{p8¿muso`8surLrLsotmu`#kyPqk £¡ª®yPsu_=`#kuq^t¢{pPmo`
I =
∫ 1
−1
∫ 1
−1
LK(x, Lŷ, ξ(n,m), Lm)f(ξ(n,m), Lm)a(m) dmdn
»AG=GP½
´ep,kuq^~^~SyPku`8^`#~^£qJk}vDq^`8£ª®y{pJmuty{p
f(ξ(n,m), Lm)a(m)
~S`q^m}¿muso`8_=tku`kyPqk£w9ª®yPsu_=`
f(ξ(n,m), Lm)a(m) = s(n)g(n,m)
»Y{{P½
µ¢P`Le£`QkyPpltmuty{pkkuq^t¢µ{pDmu`Lkkuq^s
g
`m
s

g(n,m) ∈ C2, |n| ≥ 1, |m| < 1 »YQ½
|g(n,m)| < G(m), G(m) ∈ L1, |m| < 1 »Y{P{½
∫ 1
−1
|s(n)| dn < +∞ »A ) ½
∫ 1
−1
|s(n) ln |x− n|| dn < +∞, ∀x ∈ IR »AH½
bcp3`l`_=~^£`l`ª®y{pmuty{pÈl`#£w¡kuy{sumu`~S`qlmc¿muso`#ly{p^pr`LpÈy{pJktwlrspDm 
f(ξ, η) =
(
1 −
(
ξ
l
)2
−
( η
L
)2
)
1
2 »Y{PP½
´ep,=£y{sk
a(m) = l
√
1 −m2 »Y{{D½
a(m)f(n,m) = l(1− n2)− 12 »Y{ 2{½
s(n) = (1 − n2)− 12 »Y{{¼D½
g(n,m) = l
»Y=GP½
§-« tpDmurL{s£`¡»AGGD½ l`¢Ht`pDm}£y{sk5
I =
∫ 1
−1
s(n) dn
∫ 1
−1
LK(x, Lŷ, ξ(n,m), Lm)g(n,m) dndm
»Y^LP½
±
`mmo`RtpDmurL{s£`¢µ}¿muso`OlrL¢{`£y{~~JrL`PkjH_=~lmoymutwvDq^`_=`LpPm6~Sy{qs
L→ +∞ `p8_tpDmu`pJpDm¨yPpknmpDmu`Qk£`Lk
qlmosu`QkO¢sotw^£`LkL¦D±
`e^r¢{`L£yP~^~S`_=`pDm
kL« µ¢P]so`}ly{pJtpDmorso`Lkoku{pPm
~JyPq^s
l`Qk-kuq^suªÇ{`Qk-l`yPpPm{m
rL£{prL`LkL¦l§6`Lkclr¯pt­motyPpkkqt¢pDmo`Lkkuy{pDmtpDmusoyllq^tmu`Qk5
ξ = ξ(n,m), ξ̂ = (n, ŷ)
»YlPQ½
ξ = ξ̂ + (m− ŷ)ξ̂′ + O((m− ŷ)2) »Y^QP½
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y £`kujD_JyP£`
′
^rLkutPp^`8£=lrLsut¢{rL`e~{smot`L££`8~ss~~JyPsm}¥
m
¦
bcp3~S`mot­me~s_=]mosu`8l`lrL¢{`L£yP~^~J`L_=`pDm
ε
²l`Qknm}tpDmusoyllq^tm^`#£¡_p^t]so`#kqt¢pDmo`
ε =
ξ̂′(ξ̂ − x)
L2
»Y^ ) ½
vDq^t6y{p^q^t­mcvDq^tlr¢P`£y{~^~S`_=`pDm}kuq^t¢{pPm}¥¡£A« yPsolso`
1

(ξ − x)2 + (η − y)2 = (ξ̂ − x)2 + 2(ξ − ξ̂)(ξ̂ − x) + (ξ − ξ̂)2 + L2(m− ŷ)2 »Y^H½
= (ξ̂ − x)2 + L2(m− ŷ + ε)2 »Y^QP½
     *HÆÇÂ6 6 *H * / Ã 0*H 0 / ÃQ  ^Æ *H$0 K 0 /  * / Å*  ´ep,p^`9lyPp^p^`s=twtvDq^`9£`9^rmo{t£lq0lrL¢{`¤
£y{~~J`L_¡`LpDmcl`8£Y« tpDmor{s£`
I1

I1(f, x, y) =
∫
S
f(ξ, η)
√
(x− ξ)2 + (y − η)2
dξdη
»YlQP½
= J1(sg, x, y)
»Yl2½
=
∫ 1
−1
s(n) dn
∫ 1
−1
Lg(n,m) dm
√
(x − ξ)2 + L2(ŷ −m)2
»Y^L¼D½
±
yPpkutlrLsuyPpk ~JyPq^s}`L£¡£A« tpDmurL{s£`kuq^t¢µ{pDmu`
A1 =
∫ 1
−1
s(n) dn
∫ 1
−1
Lg(n, ŷ) dm
√
(x− ξ̂)2 + L2(ŷ −m− ε)2
»Y^AGD½
=
∫ 1
−1
s(n)g(n, ŷ)
[
arcsh
L(ŷ −m− ε)
|x− ξ̂|
]1
m=−1
dn
»YPP½
§¨`#lr¢P`£y{~^~S`_=`pDm}{kujH_=~lmuy{mutwvPq`8^`#£ª®y{pJmuty{p
arcsh
¢{qlm}~JyPq^s}l`#Pso{pl`Lk ¢£`qsokl`
z

arcsh z =
kt{p
(z)
[
ln(2z) + O(1/z2)
] »YPlµ½
´ep,=ly{pJ8~JyPq^s |y| < 1 `m ε = O(1/L2) £`^r¢{`L£yP~^~S`_=`pDm}kqt¢pDm~Sy{q^s A1 
A1 =
∫ 1
−1
s(n)g(n, ŷ)
[
ln
(
4L2(1 − ŷ2)
)
− 2 ln |x− ξ̂|
]
dn
»YP{{½
er¯ptkokyPpk_tpDmu`pJpDm
A2
l`8£w=_p^t]so`kuq^t¢pDm
A2 =
∫ 1
−1
s(n) dn
∫ 1
−1
g(n,m) − g(n, ŷ)
|m− y| dm
»YP ) ½
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`m}£Y« y{p,yPpkutl]Lsu`£`#su`Qknmo`8^`#£Y« tpDmor{s£`8kq^t¢pDmu`
J1−A1−A2 =
∫ 1
−1
s(n) dn
∫ 1
−1
L(g(n,m)−g(n, ŷ))


1
√
(x− ξ̂)2 + L2(ŷ −m− ε)2
− 1
L|m− ŷ|

 dm
»YPH½
hl{pk6`LpDmuso`s¨^{pk6~£qklrmot£wk¨{£q^£wmuyPtso`LkL²    ·¸»AG>2HLD½J_¡yPpDmuso`-vDq^`O£`-lr¢P`£y{~^~S`_=`LpPm
^`8`#su`Qknmo`#ly{p^p`
J1 −A1 −A2 = O
(
lnL
L2
)
, L→ ∞ »YP{{½
kuy{tm
I1 = Ff (y) ln(4(L
2 − y2) − 2
∫
C(y)
f(ξ, y) ln |x− ξ| dξ »A{{P½
+
∫ L
L
Ff (η) − Ff (y)
|η − y| dη + O
(
lnL
L2
) »YP=2{½
µ¢P`Le£`Qkp^ymmotyPpkkqt¢pDmo`Lk5
Ff (y) =
∫
C(y)
f(ξ, y) dξ
»Y{{¼P½
C(y) = {x, b(ŷ) − a(ŷ) ≥ x ≥ b(ŷ) + a(ŷ)} »YP GP½
§¨`¡_=¿L_¡`=mnjH~S`l`lr¢P`£y{~^~S`_=`pDm3rmor¡sorL{£twkur~Sy{q^s#£`Lk#{qlmuso`LktpDmurPso{£`Qk8^pk    ·^¸
»AG>2HS½¦´ep,p^`8su`L~JyPsmo`twtvPq`£`Lk~sutpt~{ql'sorLkuq^£­mmk5
I2(f, x, y) = −2Ff (y) + I1(f, x, y) + O
(
lnL
L2
) »Y ) D½
I3(f, x, y) = I1(f, x, y) − I2(f, x, y) = 2Ff (y) + O
(
lnL
L2
) »Y ) µ½
I4(f, x, y) = O
(
lnL
L2
) »Y ) P½
I5(f, x, y) = π
∫
C(y)
f(ξ, η)
kt{p
(x− ξ) dξ + O
(
1
L
) »Y )) ½
I6(f, x, y) = −
∫ L
−L
Ff (η)
dη
y − η + O
(
1
L2
) »Y ) H½
y £`kujD_JyP£`
−
∫ so`~surQk`LpPmo`e£w¡¢£`q^s~^sotpt~£`#l`#£A« tpDmurPso{£`8l`± {q\Hj{¦
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  ;lÃA0YÂ /  0 Å{Â / Ã!ÅÃÆ0 / >0;* §¨`Lk rLvDqmuty{pk8»nQ¼{D½-kuq^s£`8^r~^£w{`_=`pDm`pª®y{pmuty{p,l`Lk
tpDmurL{s£`Lk« tpJq^`p`#~J`Lq^¢{`LpDm{£yPsok ¿muso`sorrQsot­mo`Lkkuy{qk£wª®y{so_=`8kuq^t¢pDmu`
2πEu(x, y) = FX(y)
(
(1 − ν) ln(4(L2 − y2)) + 2ν
) »Y ) P½
− 2(1− ν)
∫
C(y)
X(ξ, y) ln |ξ − x| dξ
+ (1 − ν)
∫ L
−L
FX(η) − FX(y)
|η − y| dη
+
1
2
(1 − 2ν)π
∫
C(y)
Z(ξ, y)
kutPp
(ξ − x) dξ
+ O
(
|X | lnL
L2
)
+ O
(
ν|Y | lnL
L
)
+ O
(
(1 − 2ν) |Z|
L
)
2πEv(x, y) = FY (y)
(
(1 − ν) ln(4(L2 − y2)) − 2ν
) »Y ) D½
− 2(1 − ν)
∫
C(y)
Y (ξ, y) ln |ξ − x| dξ
+
∫ L
−L
FY (η) − FY (y)
|η − y| dη
+
1
2
(1 − 2ν)π−
∫ L
−L
FZ(η)
dη
η − y
+ O
(
|Y | lnL
L2
)
+ O
(
ν|X | lnL
L
)
+ O
(
(1 − 2ν) |Z|
L
)
2πEw(x, y) = FZ(y)
(
(1 − ν) ln(4(L2 − y2))
) »Y ) 2{½
− 2(1 − ν)
∫
C(y)
Z(ξ, y) ln |ξ − x| dξ
+ (1 − ν)
∫ L
−L
FZ(η) − FZ(y)
|η − y| dη
− 1
2
(1 − 2ν)π
∫
C(y)
X(ξ, y)
kutPp
(ξ − x) dξ
− 1
2
(1 − 2ν)−
∫ L
−L
FY (η)
dη
η − y
+ O
(
(1 − 2ν) |X |
L
)
+ O
(
(1 − 2ν) |Y |
L
)
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¢{`L£yP~^~S`_=`pDmok
PkjH_=~lmoymutwvDq^`Lk ~^sorLrLl`LpDmokL²ly{pÈyPpktwl]Lsu`8^pJkq^p,~^su`L_=t`Lsmu`_=~k}£Y« tpDmor{s£`8kq^t¢pDmu`
f(x) =
∫ b
a
ϕ(ξ) ln |ξ − x|, dξ »A ) ¼P½
hlt
£A« yPpltWrso`pt`3`mumu`rLvDqmotyPp6²£Y« tpDmor{s£`sorLkuq^£mopDmo`kL« `H~sut_=``p ª®y{pmuty{p l`3£w0¢£`q^s
~sutpt~{£`#l`9± qJ\Djl`8£=_pt]Lsu`#kuq^t¢{pPmo`
f ′(x) = −−
∫ b
a
ϕ(ξ)
ξ − x dξ
»Y ) GP½
±
`mmo`#rLvDqmotyPp~S`q^m}¿muso`8tpH¢P`skrL`e`m}_¡twku`kyPqk £¡ª®yPsu_=`8rLvDq^t¢£`pDmu`#kuq^t¢{pPmo`
ϕ(x) =
1
π2
∫ b
a
√
(ξ − a)(b− ξ)
(x− a)(b− x)
f ′(ξ)
ξ − x dξ +
C
√
(x − a)(b− x)
»YPD½
y 
C
`Lkm}q^p^`#y{pkmo{pPmo`#vPqt6~J`Lqlm}¿mosu`#lrmu`Lsu_=tp^r`#`Lp'mo`p{pPmcy{_=~lmo`8^`#£Y« rLvDqmuty{pÀ»Y ) ¼P½ 
C =
(
π2 ln
(
b− a
4
))
−1 ∫ b
a
f(x)
(x − a)(b− x) dx =
1
π
∫ b
a
ϕ(x) dx
»YQ½
±
`sorLkuq^£­mmR`LkmO¥so{~^~^soyH\`s^q¡sorLkuq^£momp^y{mur`p{p^p^`l`|³y
ϕ
znyPq^`£`s{£` 6« q^p` ~su`QkukutyPp
`m
f
« q^p'lrL~^£w{`L_=`pDmL¦He{pkO£`eL{k
lq'yPpDmo{mO£tp^rLtvDq^`P²P£`Lk
`l~^so`Lkokty{pJkOkqt¢pDmo`Lk-kuy{pDm-q^mut£`Qk 
ϕ(x) =
√
a2 − x2 »YDP½
Fϕ =
∫ a
−a
ϕ(x) dx =
1
2
πa2
»Y ) ½
f(x) =
∫ a
−a
√
a2 − ξ2 ln |ξ − x| dξ »YPD½
=
1
2
π ln
(
a2
4
) »YDP½
pk
£`L{k-^qyPpDmo{m
« q^pjH£tplso`}sotPtl`kqs
q^p'~^£{pr£w{kmutwvDq^`{²D£`elrL~^£P`L_¡`LpDm
p^yPsu_£
¥¡£w=kq^suªÇ{`#k« `l~^sot_=`8~{s£=yPpltmuty{p,l`#p^yPp~Srp^rmusmotyPp0
w(x, y) = −Ax2 + δ, A yPpknmpDm »YPP½
±
yP_=_¡`cy{p£A« #¢Hq^{pkO£A« p^p^`l`c|²{£`clr~£P`_=`LpPmQ²PvDqPlsomutwvDq^``p
x
²Py{plqt­m¥#q^p^`}~su`QkukutyPp
Z
l`}£w8ª®y{so_=`»YD{½¦P¾Op'qlmut£twkopDm-£`LkOrQvDqmotyPpkOl`}£w#£tPp^`cl`ey{pDm{mc»A ) {½²Dy{pyPlmut`pDm
{£yPsok
Z(x, y) =
2AE
(1 − ν)
√
a2(y) − x2 »Y>2{½
FZ =
πAEa2
1 − ν
»YP¼D½
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`m}£`#lrL~^£w{`L_=`pDm`LkmclrLlqt­m
w(x, y) = −Ax2 + 1
2
Aa2
[
ln
(
16(L2 − y2)
a2
)
+ 1
]
+
1
2
∫ L
−L
Aa2(η) −Aa2(y)
|η − y| dη
»Y=GP½
§-« tpl`LpPmmotyPp,^q,jH£tplso`8`Lkm^y{p8lyPp^p^r`#~Js
δ = w(0, y) =
1
2
Aa2
[
ln
(
16(L2 − y2)
a2
)
+ 1
]
+
1
2
∫ L
−L
Aa2(η) −Aa2(y)
|η − y| dη
»YPP½
}¯p0l`lyPp^p^`scq^p^`#`Lkmut_motyPp,^`#£Y« tpDmor{s£`#^pJk}`mmu`#rQvDqmotyPp6²    ·¸ »AG 2lLD½O~^soy¤
~SyPku`9« `W`Lmuq^`Lseqp p^yPq^¢{`QqÈlr¢P`£y{~^~S`_=`LpPm8l`9£w'^`_=t­¤Z£wso{`qscl`y{pDmoPme{qlmuyPq^se^`
y = 0kuy{qJk£ª®y{so_=`#kq^t¢pDmu`
a2(y) = B2a0(y)
(
1 +
1
Λ
a1(y) + . . .
)
, a0(0) = 1
»Y{^Q½
µ¢P`L
Λ
£`#~Js_=]mosu`8kqt¢pDm
Λ = ln
(
16
L2
B2
)
+ 1
»YP{{½
§-« tpDmurPso{£`=»YPD½-`Qknmc{£yPsok `Qknmot_=r`8`Lpª®yPpmotyPp3^q,^r¢{`L£yP~^~S`_=`pDm
δ =
1
2
AB2a0(y)
(
1 +
1
Λ
a1(y) + . . .
) »YP ) ½
×
[
Λ + ln
(
1 − y
2
L2
)
− ln
(
1 +
1
Λ
a1(y) + . . .
)]
+
1
2
AB2
∫ L
−L
[
a0(η)
(
1 +
1
Λ
a1(η) + . . .
)
− a0(η)
(
1 +
1
Λ
a1(η) + . . .
)]
dη
|η − y|
§¨`cmo`so_¡`8¥£Y« y{slso`
1
y{pDmot`LpPmq^pmu`Lsu_=``p
ln
(
1 − y
2
L2
) ¦±
`emo`so_=`cmo`p'¢{`sk −∞ £y{skuvDq^`
y → L ¦^±
`£w9kutPp^t¯`vDq^`e£`8lrL¢{`£y{~~J`L_¡`LpDm p6« `Lkm~{k
¢£tl`~^sorLk l`Lk
Sy{s^k
^q3jD£tplso`{¦^±e« `Qknm~Sy{qsovDq^yPt    ·^¸ »nAG>2HQP½csu`Qknmosu`LtpDm#£`^r¢{`L£yP~^~S`_=`pDm#~JyPq^s |y| ≥ 0.9L ¦¨±
``QtOso`¢Ht`pDm#`pvDq^`L£vDq^`,kuy{sumu`¥Ày{q^~S`s¡£`Èkuq^suªÇ{`,\{suPr``Lp `Lk¡`Hmusor_=tmurQk¦¾Op t^`pDmut¯JpDm£`Lkmu`Lsu_=`Lk=l`
_=¿L_¡`#~q^tkokop`{²Hy{p,~S`qlm}rQsotso`vDq^`
δ =
1
2
AB2a0(y)Λ ⇒ a0(y) = 1
»Y{D½
a1(y) = − ln
(
1 − y
2
L2
) »YP{P½
´ep,=ly{pJ
a(y) = B
√
1 − 1
Λ
ln
(
1 − y
2
L2
) »YPD½
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§9ª®yPso`8p^y{so_£`emoym£``Qknm}lyPp#lyPp^p^r`8~{s
∫ L
−L
FZ dy =
πAEB2
1 − ν
∫ L
−L
1 − 1
Λ
ln
(
1 − y
2
L2
)
dy
»YP=2½
=
πAEB2L
1 − ν
[
2 +
0.614
Λ
] »YP¼D½
`m}£¡~Srp^rmusmotyPp`QknmclyPprD£`¥
δ =
1
2
AB2Λ
»YP GD½

	   
§=y{pJknmpDmu`pHq^_=rsotvDq^`
0.614
~~swm}kq^tmu`#¥¡£A« tpDmurPsomuty{p,l`
∫ L
−L
ln
(
1 − y
2
L2
)
dy = L
∫ +1
−1
ln
(
1 − x2
)
dx
»Y{{P½
c~^so]LkvPq`£wvPq`Lke_={p^t~^q^£wmuty{pJk²Wt£ku`_^£`vDq^`¡£'~^sut_=t­mot¢P`¡^`
ln(1 − x2) ~q^tkoku`kL« rQsotso`kuy{qk£wª®y{so_=`
∫
ln
(
1 − x2
)
dx = x ln(1 − x2) − 2x+ 2 argth(x), −1 < x < 1 »Y{^Q½
§¨`Lk#¢{£`Lq^sok9l`'`mmo`'~^sot_=tmut¢{`{ql"Sy{sop^`Qk« tpDmurL{smotyPp"p`'kyPpDm~{klr¯pt`Qk`l~^£twtmu`_=`LpPm
_{tk ~{s ~J{koku{{`e¥¡£w9£t_¡tmu`P¦§¨£t_=tmu`8`p −1 ~S`qlm}¿muso`8y{lmo`pHq^``p3surQsot¢pDm£~^sot_=tmut¢{`#l`£w¡_p^t]so`#kq^t¢pDmu`
lim
x→−1
x ln(1−x2)−2x+2 argth(x) = lim
x→−1
(1+x) ln(1+x)+(x−1) ln(1−x)−2x = −2 ln(2)+2»Y{PP½
e`#_=¿_=`#`p
1
²lyPp,y{lmot`LpPm
lim
x→1
x ln(1−x2)−2x+2 argth(x) = lim
x→1
(1+x) ln(1+x)+(x−1) ln(1−x)−2x = 2 ln(2)−2»Y{ ) ½
h^{\{pPmvDq^`
2 ln(2) − 2 = −0.6137056 »Y{D½
acymosu``Qknmot_motyPpyPplq^tso{t­m ¥8q^p^`ey{pkmo{pDmu`pHq^_=rsotvDq^`}^y{q^^£`e^`c`L££`cl`   ·^¸"»nG 2HQP½¦
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pDm-£tprtwvPq`}k« ~^~q^t`}kuq^sOqp
~Sy{tpDm8^`¡sorª®rLsu`Lp`¡ly{pDm8£`lrL~^£w{`L_=`pDm8^y{tm¿muso` !%F		 y{p^pHq6¦¨±
`=~Sy{tpPm#l`=sorª®rso`pJ`9`Qknm
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yPlmu`LpHq3PsP`¥=£A« rQvDq^t£t^su`l`Lkª®yPso`Lk}^`9yPpPm{mc~^~^£twvPqr`Lk}`p0vDq{kut¤ZkmomutwvPq`kq^sc£`Qkckuy{£tl`Qk¦
pJk£`'Pkl`Lk9t_=~Pmk#`pDmuso`pDm^`ql³kyP£twl`Qk²6t£-p¨« jÀÈ~Pk² ! %F		 ²« rQvDq^t£t^su`l`Lkª®y{s`Lk
^`¡y{pDmoPmL¦6±
`Lkeª®yPso`LkkyPpPm8rLvDq^t£t^sor`Qkc~Js£`Qkcmo`so_=`Lk8« tp^`Lsmot`Qk8lq©kuy{£t^`{¦§O« ~^~£twmuty{p l`
`LkltWrso`pDmu`Qk~^~^soyl\^`Lkku`8surL¢{]£`8£y{sk
so`Lkmuso`tpDm}¥¡^`LkPky3£`QkyPpltmuty{pk{ql'£t_=tmu`Lkcl`Lk
kuy{£twl`Lkeª®y{qsup^twkok`LpPm8q^p"~JyPtpDml`=sorª®rso`pJ`{¦6hHtp^yPp6²t£ªÇ{qlm#su`L¢{`Lp^ts8¥3q^p^`=tpPmorPsomuty{p y{_=~^£]mu`
^`£wljHp{_¡twvDq^`{¦
§-« rmuql`#lq,yPpDmo{m « q^p,kyP£twl`8lrª®yPsu_{^£`q^p3l`_=t¤A`Qk~P`r£w{kmutwvDq^`pk q^p3{^su`8yP_¤
~£rmu`_=`LpPm8ljHp_=twvDq^`rmur_¡`Lp^r`~s  ·   $  
  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s
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su`Lql{qlmuso`LkWmosoµ¢{qleyPpPmrmur
qkoktP_=rp^rQk¨^{pk¨l`Qk¨L{k~{s¤
motq^£t`Lsok}^`yP_=~JyPsmo`_=`pDmok}_=murLsut`££`Qk»Ç{p^twky{musoy{~^t`Q½8»  ¸
  R²6AG=G ) ²{{PP½
`m8l`Lkey{pJlt­¤
motyPpkl`#yPpDmo{m ~Jsumutwq^£trLsu`Qk8»Ç{^\^rLkutyPp6²Dª®suy{mmo`_=`pDmL² 
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¦o½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   ¡· ¨¸ $  $ 	²AGG{D½¦
cql0¢Hq^`Lk8l`=£A« `Lpku`_9£`=l`=`Lkemosoµ¢q^W²St£O~^~{so m8`L~J`Lp^pDm#lt¬t£`l`¡ªÇtsu`su`QkyPsmotsq^p^`
kuy{£qlmotyPp3{p£jDmutwvPq`~Sy{qs£`Qk`Wy{sumokl`y{pDmoPmL¦
e`~^£qkL²¨y{p³kL« {~J`Ls y{tm9vDq^`£,~£q^~Jsuml`Lk9lr¢P`£y{~^~S`_=`pDmkkyPpDm_¡y{mut¢{rQk#~s9£`=ªÇ{t­mvDq^`
£wkuy{£qlmuty{pÈl`9Éc`sumuÊ#~Sy{q^se£`y{pDmoPm}£tprtwvPq``p0lrL~^£w{`L_=`pDm}`Lkmck`Lq^£`_=`pDmc¢£twl`9^{pkq^p^`
ÊLy{p^`e~^soyH\`el`8yPpPm{mL¦lcrQkvPq`e£A« yPp'kL« rL£yPtPp^`elq3yPpPm{m t£k`L_9^£`cp^rQ`Qkukotsu`l`~^su`Lplso`c`Lp
y{_=~lmo`£w={rLy{_=rmosut`{£y{{£`8l`yPsu~Jk
`m}£`Lq^sky{pJlt­motyPpkq^'£t_=t­mo`LkL¦
xy{qs-`}vDq^t^`LkOkuy{£qlmuty{pJkRvPqtlmut`p^p`pDm
yP_=~lmu`}l`£A« {ku~J`QmR¯p^tJlqyPpPm{mL²t£^`Lkm-lt¬t£`cl`
ku`8~^soy{p^yPp`Ls kopky{plª®soy{pDmo`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yPpDmo{mkuq^s9£`Lk
`Hmusor_=t­morLk#`m9kyPqk8`Lkmut_=`£wÈl`_=t¤A£wso{`Lq^s#l`yPpPm{mL¦6¾O££`p^`¢Èly{pJ~J{k^{pk#£`k`Lpkl`
£wkurLqsutmurP¦J| t`Lp0kq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£A« y{pÀ~^~^£twvPq`q^p³\{suP`_=`pDm8kq^s#£A« l`{²W£wÊLy{p^`=l`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{smQ²^p^t6£A« {susu`P²lp^t6£`kyP£twl`#yPpPmo`p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2n ¦P±
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so_=`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sl`kq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~S`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h = z1 + z2 = A1x
2 +A2x
4 + . . .+Anx
2n + . . .
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yPq3pk£`Pk« qp3~suyP^£]L_=`8ltkujH_¡rmusotvDq^`
h = z1 + z2 = A1r
2 +A2r
4 + . . .+Anr
2n + . . .
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§¨`Lk
~^so`Lkokty{pk
¥£w9kuq^suªÇ{`tpkutSvDq^`e£`Qk
lt_=`pkuty{p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pDm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pDmk
An
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s\^`LkL²6t£kL« {tm`~S`p^{pDm¡l`,lrmo`so_=tp^`Ls9£A« rmom=l`
y{pDmustpDmu`Qk pk£`Lk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muty{pÈlqÈ\{suP`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pDm~^~^£twvPqr{¦
§¨`~^so`_=t`Lse¥µ¢Py{ts`pH¢HtkoPr#`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¦§6`Qk~^sotpt~J£`Lk}pymomuty{pk
q^mut£twkrL`Lk
kyPpPmOtpDmusoyllq^tmu`Lk-kq^s
£¯J{q^so`#Q^¦{§6`Qk-yPsu~JkRkyPpPm-kuq^~^~SyPkurLk-r£w{kmutwvDq^`LkRtwkuymusoy{~S`Lk`m-£`q^s
R1
R2
∆R
φ
ψ
Q
(r, φ)(R2, ψ)
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{s
Ẽi =
Ei
1 − ν2i
, ν̃i =
νi
1 − νi
,
lrª®yPsu_motyPpk ~^£wp^`Qk »Y 2 ) ½
Ẽi = Ei, ν̃i = νi,
y{pDmustpDmu`Qk
~£{p^`Lk »Y 2µH½
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{ql^vDq^`££`Qk y{pÈznyPqlmu`#l`Lql'~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muso`Lkkuq^~^~^£r_=`pDmtsu`Qk5
η =
Ẽ1
Ẽ2
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λ = (1 − ν̃1) − η(1 − ν̃2)
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§y{p^t­motyPp=^` py{p=~JrLp^rmosomuty{p=l`LkRy{so~kRkL« rQsot­mR~Sy{q^s
∆R
y{pkut^rsor y{_=_=` ~S`mot­m l`¢pDm
£`Lksµj{yPpk
R1
`m
R2
²kyPqk£w9ª®yPsu_=`#kuq^t¢{pPmo`
ū1 − ū2 = δ cosφ− ∆R(1 − cosφ)
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`mmo`=y{p^t­motyPp"l`=p^yPp©~SrprmusmotyPp©~S`q^m8¿muso`=su`L£tr`q^ lrª®yPsu_motyPpk8^pJke£`Lk#y{so~k8l`=£
_{p^t]Lsu`#kuq^t¢µ{pDmu`
ū1 − ū2 = −
∫
∞
a
∂u2
∂r
dr −
∫ a
0
∂u1
∂r
dr = −
∫
∞
a
ε2r dr −
∫ a
0
ε1r dr
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y 
a ≈ R1 ≈ R2
¦
§¨`Lk'y{pDmustpDmu`Qk^pk'q^p^`0~£PvPq`Èr£w{kmutwvPq`0tp^¯p^t` \so{rL`Èkq^s'q^p JyPso tsq£{tso`0kyPpDm
^y{p^p^rL`Lk~{sc·^¸ 	 	  »nG{H½+
R2
Q
(−σrr + σφφ) =
1
π
∫ ε
−ε
q(ψ) dψ + 2
∫ ε
−ε
q(ψ)L1(ρ, θ) dψ +
3 − ν̃2
2πρ
cosφ
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R2
Q
(σrr) =
ρ− 1
2πρ
∫ ε
−ε
q(ψ) dψ +
∫ ε
−ε
q(ψ)L2(ρ, θ) dψ +
3 − ν̃2
4π
ρ2 − 1
ρ3
cosφ
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R2
Q
(σrφ) = +
∫ ε
−ε
q(ψ)L3(ρ, θ) dψ +
3 − ν̃2
4π
ρ2 − 1
ρ3
sinφ
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y 
ρ = r/R2
²
θ = ψ − φ ² ε `Lkm£`0l`_=t¤Z{p^{£`Èlq yPpPm{m=`m q(φ) so`~^sorLku`pDmo`£wÀ~^so`Lkokty{pPlt_¡`LpkutyPp^p^r`
q(φ) = R2
p(y)
Q
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µ¢P`L
p(y)
£¡~^so`Lkokty{p'p^y{so_£`e¥£¡kqsªÇP`8l`y{pDmoPmQ¦H§¨`Lk
ª®y{pJmuty{pJk 6« tpq^`Lp`
Li(ρ, θ)
kyPpPm
^r¯p^t`Lk~Js
L1(ρ, θ) =
1
2π
(1 − ρ2)
(ρ2 − 2ρ cos θ + 1)
»Y{¼ ) ½
L2(ρ, θ) =
1
2π
(1 − ρ2)2
ρ
(cos θ − ρ)
(ρ2 − 2ρ cos θ + 1)2
»Y{¼H½
L3(ρ, θ) =
1
2π
(1 − ρ2)2
ρ
(sin θ)
(ρ2 − 2ρ cos θ + 1)2
»Y{¼PP½
§-« yPsut{tp{£tmurc^`e£w9lrL_s\^`cl` c·^¸ 	 	  ³»AGPD½Rmut`pDm¥£A« qlmot£twkumuty{p^`}ª®y{pJmuty{pJk 6« tpq^`Lp`
vDq^tp^`kuy{pDm8~^£qJk8£`Qkcª®yPpmotyPpk#kuq^s8q^p"^`_=t­¤Z`Lku~P`y{_=_=`^pk£`=~^suyP^£]_=`¡^`¡| y{qJkukutp`LkovJ²
_{tkl`Qk ª®y{pmuty{pkc« tpq`p`« qp^`8~^£PvDq^`#tp^¯p^t`\so{rL`ekuq^sq^p^`8ª®soy{pDmut]so`#tsoq^£wtsu`P¦
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( 2=2
´ep ~S`qlmsu`L_={sovDq^`LsvDq^`0`QkrLvDqmuty{pk^`¢Ht`Lp^p^`LpPm'kutp^{q^£t]so`Lk~Sy{q^s
ρ = 1
²OtA¦ `P¦² kq^s'£
kuq^suªÇ{`e\{suPr`{¦ c·¸ 	 	   »nG{H½ª®yPq^supt­m£y{sk-qp^`e`l~^su`Qkukuty{p`H~£twtmu`8l`Lky{pDmustpDmu`QkO~Sy{q^s
ρ = 1

R2
Q
(σφφ(φ) − σrr(φ)) =
3 − ν̃2
2π
cosψ +
1
π
∫ ε
−ε
q(ψ) dψ
»Y¼PP½
σrr(φ) =
R2
Q
q(y) = p(y)
»A¼>2½
σrφ(φ) = 0
»Y{¼{¼P½
§¨`Lklrª®yPsu_motyPpk
ε1r
`m
ε2r
~S`q¢{`pDm¿muso`9£tr`LkeqlÈyPpDmustpPmo`Lkc{s {`{ql,£yPtkel`y{_=~JyPs¤
mo`_=`pDmc« r£w{kmutwtmur8£tprLtso``LpÈy{pDmoso{tpDmu`Qk ~^£{p^`Lk 
ε1r =
1
E1
Q
a
[
−(1 + ν1)
∫ ε
−ε
q(ψ)L2(ρ, θ) dψ + 2ν1
∫ ε
−ε
q(ψ)L1(ρ, θ) dψ
]
+
Q
a
F1(r) cosφ
»Y¼=GP½
ε2r =
1
E2
Q
a
[
(1 + ν2)
∫ ε
−ε
q(ψ)(
ρ2 − 1
2πρ2
+ L2(ρ, θ)) dψ − 2ν1
∫ ε
−ε
q(ψ)(
1
2π
+ L1(ρ, θ)) dψ
]
+
Q
a
F2(r) cosφ
»Y GPP½
µ¢P`L
F1(r) = −
1 + ν1
4πE1
[
1 − ν1 − (1 − 3ν1)ρ2
] 1
ρ
»YG^µ½
F2(r) =
3 − ν2
4πE2
[
1 − ν2 − (1 + ν2)ρ2
] 1
ρ
»YGPP½
¾Op kqknmot­moqpDmÈ»Y{¼GP½^pk3»Y 2¼D½²y{pyPlmut`pDm¡{~^so]Lk9vDq^`L£vDq^`Qk9_{p^t~q^£muty{pk¡{koku`Êmo`L\l¤
ptvDq^`Qk£Y« rLvDqmuty{p,kq^t¢pDmu`#kuq^s£w=~^su`Qkukuty{p{q3y{pDmoPm
(1 + η)
∫ ε
−ε
q′(ψ) cot
θ
2
dψ + [2(1 + η) − λ]
∫ ε
−ε
q(ψ) cos θ dψ
»A G ) ½
= −λπq(φ) − η
∫ ε
−ε
q(ψ) dψ − πE1∆R
Q
»YGH½
¥¡£w{vDq^`L££`8y{p,zny{q^mu`8£Y« rLvDqmuty{p,« rLvDq^t£t^so`
∫ +a
−a
q(ψ) cos(θ) dψ = cosφ
»YGPP½
¾OpÈ~SyPkopDm£`Qkp^yPq^¢{`L££`Lk ¢sot{^£`Lkq^Ht£t{tso`Lk
y = tan(φ/2), t = tan(ψ/2), b = tan(ε/2),
»A G{D½
ÍÍ ÒT'UWVXY
2¼   W!  
	 	! 
£A« rLvDqmotyPptpDmurL{soy¤°lt­Wrso`pDmot`L££`¡»A G ) ½-~J`Lqlmc¿mosu`8_=twk}kyPqk £¡ª®yPsu_=`
∫ b
−b
q′(t)
dt
t− y +
λπ
1 + η
q(y)
1 + y2
= − 4k
π(1 + y2)2
+
B
1 + y2
»YG 2{½
µ¢P`L
B =
2k
π
− 2η
1 + η
∫ b
−b
q(t)
dt
1 + t2
− π
1 + η
Ẽi∆R
Q
»YG{¼D½
k =
π
2
2(1 + η) − λ
1 + η
»YGGD½
¥¡£w{vDq^`L££`8y{p,zny{q^mu`8£Y« rLvDqmuty{p,« rLvDq^t£t^so`
∫ b
−b
q(t)
1− t2
(1 + t2)2
dt =
1
2
» ) {D½
pk£`8{kl`_morsot{qltl`LpDmutwvPq`Lk#»
η = 1, λ = 0
½²
e·^¸ 	 	 »nG{{D½O^y{p^p^`q^p^`#kuy{£qlmuty{p
y{_=~^£]mo`{¦^§O« rLvDqmuty{pÀ»YG 2½
`Qknm}£y{sk surQlq^tmu`¥
∫ b
−b
q′(t)
dt
t− y = −
4
π(1 + y2)2
+
B
1 + y2
, B = 2 −
∫ b
−b
q(t)
dt
1 + t2
− π
1 + η
Ẽi∆R
Q
» ) ^µ½
§-« tpH¢{`LsokutyPp{p£jDmutwvPq`l``mumu`#rLvDqmuty{p,yPplq^tmc¥ 
∆Rp(y)
Q
=
2
π
√
b2 + 1
√
b2 − y2
1 + y2
+
1
2πb2(1 + b2)
ln
(√
b2 + 1 +
√
b2 − y2
√
b2 + 1 −
√
b2 − y2
)
» ) PP½
¦
¾Op©tpDmor{spDm}~{scs~^~Sy{sume¥
y
²Sy{pÈyPlmut`pDmeqp^`9rQvPqJmuty{pÈ£twpDmc£`\{suP`_=`pDmc~~^£twvDq^r`
Q{q3^`_=t­¤°p{£`8^`8y{pDmoPm
b

∆RẼ
Q
=
2
π
1 − b2
b2
− Ib
π2b2(1 + b2)
» )  ) ½
µ¢P`L
Ib
£A« tpDmurL{s£`8kuq^t¢pDmu`
Ib =
∫ b
−b
ln
(√
b2 + 1 +
√
b2 − y2
√
b2 + 1 −
√
b2 − y2
)
dt
1 + t2
» ) H½
vDq^t6^y{tm}¿muso`8r¢£q^rL`pHq^_=rLsutwvDq^`_=`pDmQ¦
xy{qs qp3\{suP`_=`pDm
^y{p^p^rP²
Q
yPp'~S`qlm}£y{sk-yPlmu`Lp^ts
£`#l`_=t¤Z{p^{£`e{qyPpDmo{m
b
¦  s {`e¥
£A« rLvDqmotyPp©» ) PP½²H£sor~{smot­motyPp'l`8~^so`Lkokty{p~S`q^m{£yPsok
¿mosu`8lrQlq^tmu`#kqs £w¡kq^suªÇ{`el`#y{pDmoPmL¦
¾-p,mu\^rLy{sot`P²^t£ly{tme{£yPsok¿muso`~JyDkukut^£`6« yPlmu`Lp^tseq^p^`#rL¢µ{£qJmuty{p0^`Lk}lrª®y{so_muty{pJk}¥=~sumutscl`
»A¼=GP½²~^qtk^`¡sorL{£twku`s8£Y« tpPmorPsomuty{p»A=2¼P½²~Sy{q^s#yPlmu`Lp^ts#£Y« tpJl`pDmomuty{p
δ
¦6pk8£`Pkey "`Lk
^t­Wrso`pDmok-£wq£kOku`st`pDmR~SyPkokt^£`LkRpJ£jPmotvDq^`L_=`pDmL²_=¿L_¡`ekt^sot`p=p^`£`}P{so{pPmot­mQ²t£su`Qknmo`stmR¥
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^rmu`Lsu_=tp^`s£A« tpq`p`8^`LkyPpkmopDmo`Lk ¥9£A« tpl¯pt6~JyPq^skuµ¢Py{ts
kut`££`8yPpPmq^p3s P£`8kuq^s£su`L£muty{pk
ª®yPso`tp^`pDmomuty{p6¦±
`musµ¢t£p6« ¡_£\^`Lq^su`Lqku`_=`pDm~{krmur8mosuyPq^¢{r8^pJk£¡£t­mumursmoq^so`{¦
« {qlmuso`Lk mosoµ¢{qly{pDm ~Sy{sumurQkkq^s£`8y{pDm{mso^so`£rLko{`P¦     ·  ¶ 	 	    »nG{GD½RyPpPm
~suyP~JyDkrq^p^`=`Hmu`LpkutyPp©l``Qkemusµ¢µ{ql q"Pk
r1 = R2
¦         »AGG>2H²AG=G{¼P½c3rmuqJltr
pHq^_=rLsutwvDq^`_=`pDm-£A« tpJq^`p`elqª®suy{mmu`L_=`pDm
kuq^s-£`Lk-¢µ{sutw£`QkOlq'y{pDmoPm
^{pkOqp'Plsu`Prp^rLso{£Y¦
¾-pl¯p6²*      ¸·     ·  ¨º{º c»AP^L² S½cyPpDmrmu`Lplq³£`Lk#sorLkuq^£momok#l`e·^¸ 	 	  »AGPD½{q
L{ky £`Lk_morsot{qlkuy{pDm}ltSrLsu`LpPmk`m}£`ª®suy{mmu`L_=`pDm}`Lkm}~^sorLku`pDm}¥£A« tpDmu`LsªÇP`P¦
     	 4  ' #2 % 
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e`py{_9su`Lql"~suyP^£]L_=`Lk9^`3y{pDmoPm9p6« `pDmosu`LpPm¡~{kltsu`Qmu`L_=`pDm=pk9£`Qk9\HjH~Jy{mu\^]Qk`Qk^q
y{pDmoPm
^`eÉ}`LsmoÊ{¦HhHtY²PmuyPqlmu`ª®y{twk²D£`LkO\HjH~Symu\]Lku`Lk-^q'yPpPm{m
l`eÉc`sumuÊkyPpPm
`p~{smot`csu`Qk~S`Lmur`Qk²
t£`Lkm£`3~£qk'kyPq^¢{`LpPmlt¬t£`0« `l\^tS`sl`QkkyP£qlmotyPpkpJ£jPmotvDq^`Qk=q ~^suyP^£]_=`{¦
±e« `Lkm~s
`l`_=~^£`
£` L{k~Sy{q^sRl`Qky{pDmoPmky{plª®yPsu_=`LkL²Qy9£`lr¢P`£y{~^~S`_=`LpPm`p¡~sSy{£y Zl`-^`LkkqsªÇP`Lk
p`kql¬=mc~£qkL²y ,`py{so`#£=~^sotwk`#p^`y{_=~lmo`£Y« `W`mlq,ª®suy{mmo`_=`pDmL²y{qÈ^t`p,`p^¯p0kt£kuq^suªÇ{`
^`8y{pDmoPmp^`ku`#lr¢P`£y{~^~S`8~s}kuq^t¢µ{pDmqp^`#`££t~ku` {¦
xy{qs sorLkuy{qJlsu``Qk
~suyP^£]L_=`LkL²Dt£l`¢Ht`pDmp^rL`Lkoku{tso`e^`cªÇ{tso`{~^~S`£6¥¡l`Lk
mu`Q\^p^twvDq^`Lk pHq^_=r¤
sotwvPq`Lkl`#sorLkuy{£qlmuty{p¨¦H§=~^£qk}yPp^pHq^`#l``Qk_=rmu\yH^`LkpHq^_=rsotwvPq`Lk~~^£twvDq^r`¥¡£w¡_¡rQ{p^tvDq^`
^`Lk}kuy{£t^`Lk}lrª®y{so_^£`Lk`Qknme£=_=rmo\^yll`9l`Qk}rL£rL_¡`LpDmok¯ptkL¦W±
`Qk}lr¢P`£y{~^~S`_=`LpPmk~Sy{q^scmustmu`s
£`9y{pDmoPm}ª®soymumopDmekuy{pDm£{suP`_=`pDm}qlmot£tkurLkL¦Wa}y{qJk}p6« `pDmuso`soy{pJk~{ke^pJk}£`lrmot£^``Qkmo`L\l¤
ptvDq^`Qk¦{hHtlpymuso`^qlmRtp^t­mot{£lrmtm-l` ª®y{q^sop^ts^`Lk`Lkmut_motyPpkp{£jDmutwvDq^`Lkl`Qk`Wy{sumokR{q¡y{pDmoPmL²
£`Lk}mu`Q\^p^twvPq`Lk}rL£rL_=`pDmok}¯p^twkc~~stwkuku`pDmcy{_=_=`^t`p,musoy{~0y
lmo`qku`9« `_=~^£y{t~JyPq^sc`Qk~Srso`s
¿muso`#y{_=~{surQk¥qp,L£wq^£6{p£jDmutwvDq^`{¦
pk`R~{so{{s~^\`{²p^y{qJk¨££y{pkWp^yPqk¨mm{\^`Ls6¥lrLsutsu`O^`LkWmo`L\^p^twvDq^`Lk¨pHq^_=rsotvDq^`QkW£rL{]so`Lk
P^~^mur`QkOq=moso{t­mo`_=`pDm-lqy{pDm{mO~suyl\^`}l`e`£q^tSl`eÉc`sumuÊ{¦Da}yPqkR`l~SyPku`soy{pk-^pkO£` 6 ^¦ ¦
£`~^sotpJt~J`Prp^rLso{£Hkuq^sO£`LvDq^`L£^kyPpDmO{kur`Lk_=rmu\^yll`QkR~^q^twkRp^yPqkOlyPp^p^`soy{pJkpkR£`Lk 6 kuq^t¢pDmok
vDq^`L£vDq^`Qk`l`_=~^£`Lk6« {~^~^£tLmuty{pJk¦
1$ ?, 4  0 / Å=0 6 * J /  ^Æ
§¨`Lk
~^su`L_=t`LsokOmusµ¢µ{ql=pDq_¡rLsutwvDq^`LkL²H^pk
£`ePk-tlt_=`pkuty{p^p^`L£Y²Hkuq^s `Lk
_=rmu\yH^`Lk kyPpPmlqk
¥  ·¹        	  »AGP 2H²WG{{¼D½
`mc¥    ·^¸»nG{>2½-~JyPq^s}£`8L{kª®soymumo{pPmQ¦^§6`#~^sotpt~J`
`Qknm{koku`Êekut_¡~£`H£wkuq^suªÇ{`el`#yPpDmo{m
rL¢{`pDmoq^`££``Lkmltkosormotkur`kyPt­m~{s qp'_t££wP`e^{pk £`
L{k « q^pkuq^suªÇ{`e^twlt_=`Lpkty{pp^`££`y{q^t`p'qp^`ku`P_=`pDmomuty{p'^{pk
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(ūz)i
tpkutPvDq6« q^p^`O~su`QkukutyPp
py{so_={£`
pi
¦bcp^` so`£wmotyPp £tp^rQtsu`0`QknmÈ£y{skrQsot­mo` `pDmosu`"`Lk3l`Lql ¢µ{sutw£`Qk'kuy{qk'£ª®y{so_¡`
kuq^t¢pDmu`
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ε̇
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m#£`Qk¢Dtmu`Qkuku`Lkl`yPpDmustpPmo`Lk
σ̇pk#q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pDm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y{_=~Sy{sumu`_=`LpPmkkuy{pDm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pDm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mutmu`Lkc~J`Lsmoq^so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l``mmu`^`Lkosot~lmotyPp¥=£w¯pÈl`#`mumu`#~{smot`P¦
 *LÂSÆ0 0* 0*$)*DÆ  0 / Ä#ÂR0 JÃ   L *H  Æ  *6 ^ÆYÆ7HÆ *  §6`Qk¢sot{^£`QkRlrLsut¢pDmR£`y{_=~JyPs¤
mo`_=`pDm8lqÈ_murLsutwq0kuy{pDmcpJmuqsu`L££`_=`pDmc£w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ª®y{so_muty{p
ε
`m£'y{pDmoso{tpDmu`
σ
¦Sxy{q^slr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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r£w{kmutwvDq^` ²
σ  
`m8q^p^`¡~sumut`{p^r£w{kmutwvDq^`{²
σ

 
¦W¾Op"yPpktwlrLso{pPm£lrª®yPsu_muty{p
ε
vDq^`=kq^t­m8£
_mursotwq'yPp,y{lmot`LpPm£wl`Lkosot~lmuty{p3kq^t¢pDmu`	
σ = σ   + σ

 
» ) LD½
ε = ε   = ε

 
» ) {µ½
§~q^tkokop`
σ   ⊗̄ ε `Lkm#{£yPsoke£w'~^qtkoku{p`¡¢{yP£q_¡twvDq^`¡surL¢{`skut^£`9`m σ    ⊗̄ ε £,ltwkukut~motyPptpDmusotpJk]QvPq`¡¢Py{£q^_=tvDq^`P¦¨§¨3mo\^ryPsut`=£tp^rQtsu`twky{musoy{~S`l`¢HtkoyDktmurkL« yPlmut`pDm`LpÀy{pkutwlrspDm#£`
_=¿L_¡`~Symo`pDmut`£Omu\^`Lsu_=ylljHp_=twvDq^`{²
Ψ
vPq`~JyPq^s#£Y« r£w{kmutwtmur£tp^rL{tso`{²`mqp"~Symo`pDmut`£O^`ltk¤
kut~motyPp k`L_9^£w£`
ϕ
²R»YvPqJ{lsmotvDq^`Qkc`m8lr¯p^t¤A~SyPkutmutªÇko½e¯p"l`^r¯p^ts8q^p^`¡¢HtkoyDktmur£tp^rL{tso`{²
kuy{tm
Ψ =
1
2ρ
λ [Tr(ε)]
2
+ 2µTr(ε2)
» ) QP½
ϕ =
1
2
λθλ [Tr(ε̇)]
2
+ 2µθµTr(ε̇
2)
» )  ) ½
» ) H½
y 
λ
`m
µ
kuy{pDme£`LkeyH`¬t`LpPm8« r£w{kmutwtmur9l`¡§¨{_¡rP²
θλ
`m
θµ
£`LkyH`¬t`LpPml`Lke¢HtkoyDktmur`m
ρ£w¡_{kok`8¢{yP£q_¡twvDq^`{¦
e`'£w,_=¿_=`'_pt]Lsu`vDq6« `p³rL£Pknmott­mor'knmps"`LkyH`¬t`pDmok9~J`Lq^¢{`LpDm9¿mosu`so`£trLk¥Èqp
_=yllq^£`« Oy{q^p^¢HtkovDq^`q^rLvDq^t¢µ{£`LpDm
E′
`mO¥cqp¡yD`¬t`pDm^` ~Sy{twkokyPp9¢HtkovDq^`q^rLvDq^t¢µ{£`LpDmL²
ν′yPqt`Lp¡{£yPsokq^p=_=yllq^£`^`tkot££`L_¡`LpDm¢HtwkuvDq^`Lql9rQvPqt¢£`pDm
G′
`mqp¡_=yllq^£`l`}yP_=~^su`Qkukuty{p
\HjllsoyPkmomutwvPq`erQvPqt¢£`pDm
K

λθλ = λ
′ =
ν′E′
(1 + ν′)(1 − 2ν′) , µθµ = µ
′ =
E′
2(1 + ν′)
» ) QP½
E′ = µ′
3λ′ + 2µ′
λ′ + µ′
, ν′ =
λ′
2(λ′ + µ′)
» ) LD½
G′ =
E′
2(1 + ν′)
= µ′, K ′ =
E′
3(1 − 2ν′) =
3λ′ + 2µ′
3
» )  2{½
§¨`Lk6£y{twk¨^`
yP_=~JyPsmo`_=`pDmok¨k« rm^£tkoku`pDm¥~{smotsl`-`Qk¨l`Lql#~Jy{mu`LpPmot`L£kl`-_{p^t]Lsu`RqJkq^`L££`
σ   = ρ
∂
∂ε
(Ψ) = λTr(ε)1l + 2µε
» ) L¼D½
σ

  =
∂
∂ε̇
(ϕ) = λ′Tr(ε̇)1l + 2µ′ε̇
» ) AGD½
¾Op"kyP_=_={pDm}£`Qkel`LqlÈy{pDmosut^qlmotyPpÈ`p y{pDmustpDmu`LkL²ly{p©Sy{qlmot­me¥'££yPtl`¡y{_=~Sy{sumu`L_¡`LpDm
£tp^rL{tso`8~JyPq^s£`#kuy{£t^`8^` 8`£¢Dtpl¤ SRy{tm
σ = λ [Tr(ε) + θλTr(ε̇)] 1l + 2µ [ε+ θµε̇]
» ) D½
àÒeÛYÓ°ÞYÛYÜÓ*#%(#DÕ  ÒµÜÞ'#×ÜÒ µÓ8ÜÒÞ  3ÓRÓnÒÖ  Û  Õ×Õ%nÕ×Ó9µÓnØ (nÜÖÜØ  ÒÞYØÛÇÐ&nÜÕ×Ü3#%-.QÓØ
ÍÍ ÒT'UWVXY
¼{   W!  
	 	! 
 *9QÂJÆ0 0* 0*9Á O%-
*HÆÇÆ   Q!*H  Æ  *Q,0 *  §¨ª®yPsu_q^£muty{plqkyP£twl`O£tprLtso`-l`
d  
`L££
y{pkutwl]so`#vPqJpDm}¥=£q^tq^p^`#~{smot­motyPp3^`£=lrª®y{so_muty{p3moymo{£`
ε
`pÈq^p^`#~Jsumut`sor¢P`skt^£`
ε  
`m
qp^`#~sumut`8tsosor¢{`Lsokut^£`
ε

 
Pkukuyltr`8¥¡q^p^`yPpDmustpPmo`
σ
²JkyPt­m   
ε = ε   + ε

 
» ) lµ½
σ = σ   = σ

 
» ) {P½
§£y{tR« rmm9lrLsut¢{`=lq"~Jy{mu`LpPmot`L£mu\^`Lsu_=ylljHp{_¡twvDq^`
Ψ(ε − ε    ) `m#££yPtOyP_¡~£rL_¡`LpDmotso`^q3~Symo`pDmut`£l`#ltkokut~muty{p,lq{£
ϕ?(σ)
²Jkuy{tm
σ = ρ
∂
∂ε  
(Ψ(ε− ε

  ))
» )  ) ½
ε̇

  =
∂
∂σ
(ϕ?(σ))
» ) D½
}¯p"^`ª®yPsu_q^£`s`l~^£tt­mo`_=`pDm#£`¡_=yll]£`l`¡y{_=~Sy{sumu`_=`LpPmQ²Wy{p©y{pkutwl]so`9Prp^rLso{£`L_¡`LpDm
£`8~Jy{mu`LpPmot`L£mu\`so_¡ylljHp{_=tvDq^`#lq{£Y²
Ψ?
kq^t¢pDm
Ψ?(σ) =
1
2ρ
(
1 + ν
E
Tr(σ2) − ν
E
[Tr(σ)]
2
) » ) {P½
`#vPqt¨yPplq^tmc¥¡£¡£y{t6« rmmckuq^t¢{pPmo`
ε   = ρ
∂
∂σ
(Ψ?(σ)) =
1 + ν
E
σ2 − ν
E
[Tr(σ)1l
» ) P½
e`_¡¿L_=`{²£wc£y{tly{_=~^£r_=`pDmo{tso` `Lkm`l~^sut_=r` ~sq^p¡~Symu`LpDmut`£^l`ltwkukut~motyPpvDq{^somutwvPq`
`mclr¯Jp^t6~SyPkut­mot­ª1
ϕ? =
1
2
(
1 + ν
Eτ1
Tr(σ2) − ν
Eτ2
[Tr(σ)]2
) » ) =2{½
y 
τ1
`m
τ2
kuy{pDm}l`q^p^yPq^¢{`L££`LkyPpkmopDmo`Lkl`8¢HtkoyDktmurP¦
¾Op3kyP_=_={pDm-£`Qk-y{pDmusotqlmuty{pk-`plrª®y{so_muty{pyPpy{^mut`pDm-£w£y{tJ^`eyP_=~JyPsmo`_=`pDm-£tprLtso`
^q,kuy{£twl`#l`#d0  `££
ε̇ =
1 + ν
E
[
σ̇ +
σ
τ1
]
− ν
E
[
Tr(σ̇) +
Tr(σ)
τ2
] » ) ¼D½
§¨`8y{_=~Sy{sumu`_=`LpPmlqmnjH~J`#d0  `££Wp6« `LkmPrp^rLso{£`L_=`pDm
~Pk qlmut£twkur8ku`q£~JyPq^s_¡yllrL£twku`s£`
y{_=~Sy{sumu`_=`LpPm8l`Lk8kuy{£t^`LkL¦6±e« `Lkm8~^£q^m m#q^p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yP_¡~Sy{sumu`L_=`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qtl`=`Lp©`=ku`pk
vDq6« t£p¨« `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{k8« r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£`Qk_¡yll]L£`Qk~^£q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sq^W¦
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£w^motyPp6¦
±
yPpktwlrLsuyPpk¥¡mutmuso`« `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`S`mcl`#lt_=tpHq^`s}£A« `Wy{sumP£yP£
{q3y{pDmoPmQ²l£{tkoku{pDm £`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¯JpÀ^`ly{p^p`s#q^pÀ`Lkmut_motyPp
{p£jDmutwvDq^` ^q¡yD`¬t`pDmOl`su`Qknmot­moqlmuty{p6²{t£l`QknmRp^rQ`Lkokotsu` « tpDmurL{so`sRp{£jDmotvDq^`L_¡`LpDm£A« rQvDqmotyPp
^q _=y{q^¢P`_=`pDmÈ{lt_=`pkuty{p^p^rL` » ) P¼P½¦xy{q^sÈ`£w^²t£8`Qknm,p^rL`Lkoku{tso`©^`"y{p^p mosu`"£w¢Ht­mo`Lkok`
6« tpl`LpPmmotyPp
ẋ
`Lpª®yPpmotyPpÈl`8£¡¢sot{^£`
x
¦
e`8£¡_=¿_=`eªÇ  yPp3vDq^`~Sy{q^s£`8y{pDmoPmr£w{kmutwvDq^`{²Ht£`LkmtpDmurLsu`QkukopDm 6« tpDmurPsu`Ls
~Jsso{~^~Sy{sum
¥,£wÈ¢sotw^£`
x
q^p^`~su`L_¡t]so`=ª®y{twk9¯p³l`ªÇ{tso`~^~Jswmuso`¡£A« rp^`LsuPt`_=rLLp^twvDq^`lqkujlknmo]_=`{²
E(x)

d
dx
(
1
2
ẋ2 +
1
2
x
5
2 ) = −f(v0)x
1
2 ẋ
1
2 =
dE(x)
d x
» ) 2Hµ½
µ¢P`L
E(x) =
1
2
ẋ2 +
1
2
x
5
2
» ) 2P½
§¨`^t£wp¡rp`so{rmotvDq^` ~S`p^{pDm£w~^\Pk`l`yP_=~^su`Qkukuty{p9~S`q^mRku`_=`mmosu`}kuy{qJk£weª®y{so_=` kuq^t¢µ{pDmu`
∫ 1
0
dE(x)
d x
dx = −f(v0)
∫ 1
0
x
1
2 ẋ
1
2 dx,
» ) 2 ) ½
£`8_=`_9su`#l`lsoy{tm}yPsuso`Lku~JyPp^{pPm¥¡£Y« rp`so{t`8^tkokt~Sr`8~J`Lp^{pPm}£`#\^yl¦
pk£`#Pk 6« q^p,\^yler£w{kmutwvPq`{²l£wy{pku`so¢muty{pl`8£Y« rp^`LsuPt`~S`so_¡`m}l`#ly{p^p`s£¢Ht­mo`Lkok`
`Lp'ª®yPpmotyPpÈlqÈlr~^£w{`_=`pDm}kuy{qk£wª®y{so_¡`#kuq^t¢µ{pDmu`»®¢Py{tsrLvDqmotyPp"»Q ) ½n½
ẋ(x) =
√
1− x 52 » ) 2µH½
      ¸     "»nG{¼>2½kq^~~JyDk`LpPm-vDq^`£`_=y{q^¢P`_=`pDmR`p=~^sorLku`p`l`¢HtkoyDktmur ªÇt^£`{²
{« `Qknm¥}ltsu`
~JyPq^s^`Lk¢µ{£`Lq^sk¨lq9yH`¬t`pDm^`-so`LkmutmuqlmotyPp~^soyH\`Lk6l`e{²Q`Lkm¥~S`q~^so]Lk6twl`LpPmotvDq^`
{q_=yPq^¢{`L_¡`LpDmpk£`Pkr£w{kmutwvPq`{²^kuy{tm 
ẋ(x) ≈ ±
√
1 − x 52 » ) 2P½
±
`mmo`#\DjH~Symo\^]Lku`8p^y{qky{p^q^t­mc{£yPsok¥¡£A« `Qknmot_motyPp3kuq^t¢pDmu`#lqÈyH`¬t`LpDmcl`8su`Qknmot­moqlmuty{p0
e2n − 1 = −4f(v0)
∫ 1
0
x
1
2 ẋ
1
2 dx ≈ −4f(v0)
∫ 1
0
√
1 − x 52x 12 dx » ) 2P½
§¨`}ªÇPmu`Lq^sl`L¢pDm £A« tpDmurL{s£`}~^soy¢Ht`LpPmlqªÇ{t­mvDq^`c£`^t£wprp^`LsuPrmotvDq^`¡» ) 2 ) ½Op6« `QknmrLsutm vDq^`
~Sy{qs£w3~^\Pk`l`yP_=~^su`Qkukuty{p6¦W§¨3l`sop^t]so`=tpDmurL{s£`9`Qknm#r¢{£q^rL`={s {`¡¥3q^p^`| `mo¤Yª®yPpmotyPp
B
²^y{q,kut£Y« y{p,~^sorª®]Lsu`8q^p^`  {_¡_¤Yª®yPpmotyPp
Γ
l`8£w_{p^t]Lsu`#kuq^t¢µ{pDmu`
∫ 1
0
√
1 − x 52x 12 dx =
√
(π)Γ
(
3
5
)
5Γ
(
21
10
) =
2
5
B
(
3
5
,
3
2
)
≈ .5044549 » ) 22{½
´ep,Sy{q^mutmc£y{sk ¥¡£A« `Qknmot_muty{p,kq^t¢pDmu`^q,yH`¬t`pDm}l`#so`LkmutmuqlmotyPp5
en ≈ 1 − 1.009f(v0)
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p,su`L£^pDm £A« \DjD¤
~Symo\^]Lku`,kq^s¡£`3_=yPq^¢{`L_¡`LpDmQ»®rQvDqmotyPp » ) 2{½½¦R[¨yPqlm« Sy{s²~Sy{q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{ku`^`,y{_=~^so`Lkokty{p¨²
£A« ~^~^soyµlt_muty{p9so`Lkmu` mosu]QkOk`L_9^£w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`Qt^~^so]Lk
vDq^`8£A« tpl`LpDmomotyPp,_=lt_£`8`p3~^sorLku`p`8^`#¢DtwkoyPkutmur`Lkm}~^sutwku``Lp3y{_=~lmo`
xm
²kyPt­m
ẋ(x) ≈
√
1 −
(
x
xm
)
5
2
, x ∈ [0, xm]
» ) 2GD½
§-« rQvDqmotyPp"» ) 2 ) ½O`Qknmc{£yPsok tpDmurPsurL`{²l`vDq^tSy{qlmot­m}¥ 
1
2
x
5
2
m −
1
2
= −f(vo)x
3
2
m
∫ 1
0
√
1 − x 52x 12 dx » ) ¼{P½
y yPp3y{pkutwlrsore£w¡¢£`q^s}kuq^t¢µ{pDmu`#l`#£A« rLp^`so{t`
E(xm) =
1
2
x
5
2
m, E(xm) =
1
2
ẋ(0) =
1
2
» ) ¼^µ½
xy{qs£w}~\{ku` ^`
so`LkmutmuqlmotyPp6²µt£wktpDmosuyllq^twku`pDm£wcpymuty{p¡l` y{££twkty{p9tpH¢{`Lsoku` »ÇkutwL½¦±
`mumu`p^y¤
motyPpy{pkut^]so`Oq^p9_=yll]L£`qllt£twtso`
µ¢{`QRq^p¡_=y{sumutwkuku`_=`LpPmp^rDmutªtpH¢{`sku`-l` £Y« _=y{sumutwkok`L_¡`LpDm
^q3_=yll]L£`#kmopJ^s²^`#vDq^t¨y{p^q^t­mc¥¡£A« rQvDqmotyPp3Plt_=`Lpkty{pp^r`#kuq^t¢{pPmo`
dE(x)
d x
= f(v0)x
1
2 ẋ
1
2
» ) ¼PP½
±
`mmo`'rLvDqmuty{pÀ`LkmtpDmurL{sor`~Sy{q^sy{lmo`p^ts9q^pk`Qy{pJ©t£wprLp^`so{rmutwvDq^`{²¨y{_=~^£r_=`pDmtsu`{q
t£wpÀ» ) 2 ) ½²^~J`Lp^{pPm}£w¡~^\Pk`#l`#so`LkmutmuqlmotyPp3µ¢P`Le£`Qk}yPpltmuty{pk{ql'£t_=tmu`Qk}kqt¢pDmo`Lk5
x(0) = 0, ẋ(0) = en
» ) ¼ ) ½
§kut{p^t¯Jmuty{p~^\HjHkutwvPq`8^`8`LkyPpltmuty{pk{ql£t_=tmu`Lk}~JyPq^s`#\^yl¢Dtsumuq^`L£~^suy¢Ht`pDm ^qªÇ{t­m
vDq^`3£A« yPpkuy{q^\{t­mo`'yPlmu`Lp^ts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pJkty{p^pr`¯Jp£`{²£w ¢£`q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¬t`LpDm=l`
so`Lkmutmuq^muty{p
en
¦^§¨`8_¡yPq^¢{`L_=`pDm `Qknm}lyPp8~^~suyl\^rl`#£_=¿_=`8_p^t]so`#vPq`~S`pJ^pDm£¡~^\J{ku`
^`8y{_=~^so`Lkokty{p~s
ẋ(x) ≈ en
√
1 −
(
x
xm
)
5
2
, x ∈ [xm, xf ]
» ) ¼H½
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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¬t`pDm}l`#so`LkmutmuqlmotyPp0
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x
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2
m − e2n
1
2
= enf(vo)x
3
2
m
∫ 1
0
√
1 − x 52 x 12 dx » ) ¼P{½
y 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sor8vPq`
E(xm) =
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1
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en + 2f(vo)Ie
3
5
n = 1
» ) ¼ 2½
µ¢P`L
I
£A« tpDmurPso{£`8kuq^t¢{pPmo`
I =
∫ 1
0
√
1 − x 52x 12 dx » ) ¼{¼P½
e`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mur¡~^soy{~SyPkur`Qk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z
e{pk8£`{k#^`Lk#kuy{£tl`Qk#l`sor¢{yP£q^¤
motyPp £`Lk¡yPpPmoso{tpDmo`Lk¡^pk£`3l`L_=t­¤Z`Lku~{`kuy{pDmly{p^pr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muty{p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_svDq^`9vDq^`9£`LkeyPpPmoso{tpDmo`Lks{ltw£`Lk
kuy{pDmR`p=yP_=~^su`Qkukuty{ppk£wÊy{p`^`y{pDmoPmOkoqlªWkq^sR£`¢{yPtkutpJ{`l`£wcª®soy{pDmot]Lsu`l`£weÊLy{p^`l`
y{pDmoPmy£`Qky{pDmoso{tpDmu`Qk
kuy{pDm`p'mus{motyPpµ¢P`Leq^p^`8¢£`q^s_lt_9q^_4l`
(1− 2ν)p0/3
¦Hxy{q^s
^`Lk_morsot{qll`mnjH~J`8ª®sPt£`{²ly{_=_=`#£`Qk¢{`soso`Lk y{q3£`QkrLso{_¡twvDq^`LkL²l`mmu`#so`_{sovDq^``l~^£tvDq^`
£`Lk ªÇPt]Lkl`8ª®s{muq^so`#kyPqk tpJl`pDmomuty{pÈl`#É}`LsmoÊ{¦
pk£`{kl`Qk8_=murLsutwqlÈ_=rm££twvDq^`LkL²kqt¢pDm8q^pÀy{_=~Sy{sumu`L_¡`LpDmer£w{kmuyP~^£w{kmutwvPq`9{qtlr
~Jsq^psutmu]Lsu`Rl`SRyPp#dÈtku`Lk-» Hµ¤Z~^£Pknmott­morQ½SyPq~Js6q^p#sutmu]Lsu`Ol`O[so`Lko^²£A« p{£jlku`^`Lk¨y{pDmustpDmu`Qk
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( G=G
_=yPpPmosu`=vDq^`¡£`sotmu]so`9`Qknm#so`_=~^£t`p"~^su`L_=t`Ls£t`q"£`¡£yPp^,l`=£Y« l`
z
»   	¨·      	
Ï·^¸²OGPlµ½¦%¯Jpl`~^sorLtwku`s#`mmu`so`_{sovDq^`P²so{~^~J`L£yPpk8q^p^`=ª®yPsu_=`kmopJ^s©^qÀsutmu]Lsu`l`
SRyPp3d0tku`Lk
J2(σ) =
1
6
[
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2
]
= k2 =
σ20
6
» ) G{D½
y 
σ0
`Lkm}£=y{pDmustpDmu`#« rLyPq^£`_=`pDmq^p^twltsu`Qmuty{pp^`££`8`LpmosoPmotyPp`m
k
£w¡y{pDmustpDmu`#« rLy{ql¤
£`_=`LpPm}`LpÈtwku{t££`L_=`pDm}`mc£`Lk
σi
kuy{pDm}pmuq^so`££`L_=`pDm}£`QkyPpPmoso{tpDmo`Lk~^sotpJt~£`LkL¦^§6`9sutmu]Lsu`#l`
[so`Lko~J`Lqlmck`#_=`mmuso`#kyPqk ª®y{so_=`8rLvDq^t¢µ{£`LpDmu`
max {|σ1 − σ2|, |σ2 − σ3|, |σ3 − σ1|} = 2k = σ0
» ) G 2{½
§¨`LkyPpDmustpPmo`Lk £`#£yPp^l`#£Y« l`
z
kyPpDm^y{p^p^rL`Lk~{s£`QkrLvDqmuty{pk8»A G{D½²kuy{tm
σr
p0
=
σθ
p0
= −(1 + ν)
(
1 − z
a
arctan(
a
z
)
)
+
1
2
(
1 +
z2
a2
)−1 » ) G{¼D½
σz
p0
= −
(
1 +
z2
a2
)−1 » ) GGD½
§3{spl`Lq^s#sot­motvDq^`~Sy{qs`Lk9sot­mo]so`Lk#l`~^£w{kmutwtmur\y{twktR`Qknm#£wÈy{pDmoso{tpDmu`=l`tkot££`_=`LpPm
kuq^t¢pDmu`
2τ1 =
σr − σz
p0
=
σθ − σz
p0
= −(1 + ν)
(
1 − z
a
arctan(
a
z
)
)
+
3
2
(
1 +
z2
a2
)−1 »®D{D½
´eply{p^p` kuq^s£}¯{q^so`cQ¼}£`-~^soy¯J£Dl`Qky{pDmoso{tpDmu`Qk6`Lpª®y{pJmuty{pl`
£w}~suy{ª®y{pl`Lq^s{lt_=`pkutyPp^p^rL`
λ = z/a
¦H§=lrsot¢Pr`#l`#£w=y{pDmoso{tpDmu`8l`tkot££`_=`LpPm`Lp'ª®yPpmotyPp,^`
λ
~J`LqlmckL« `H~sut_=`s
∂
∂λ
(2τ1) = −(1 + ν)
(
arctan(λ) − π
2
+
λ
λ2 + 1
)
− 3λ
(λ2 + 1)2
»®D^µ½
§ckuy{£qlmuty{p¡l``mumu`rLvDqmuty{p#ª®yPq^sop^t­mOlyPp
£c~^suy{ª®y{p^`q^s¥c£w{vDq^`L££` £` _lt_q^_ `p¡yPpPmoso{tpDmo`
^`}twku{t££`L_=`pDmR`Lkm-mmo`tpDmL¦PhHyPp`l~^su`Qkukuty{p=p{£jDmutwvDq^``pª®y{pmuty{pl`
ν
p^`}ku`_^£`~Pkmusot¢Dtw£`{¦
´ep^y{p^p^`kq^s£È¯{q^so`0G^²6£`'sorLkuq^£mom¡l`£w0sorLkuy{£qlmuty{pÀpHq^_=rsotvDq^`kyPqk9hlt£w {tpJkt vPq`£`
~suy{¯£6l`Lky{pDmustpDmu`Qk
`Lp3ª®y{pmuty{p,l`
λ
¦
§¨`_lt_9q^_ ^`¡y{pDmustpDmu`Lkel`twku{t££`_=`pDme`Qknm#lyPpmosuyPq^¢{r¡kyPqke£kq^suªÇ{`¡^`¡y{pDmoPmL¦
}¯pÈl`8¯^l`s£`LkyPso^su`Qk ^`#{spl`Lq^sQ²P~Sy{q^s
ν = 0.3
²H£=~suy{ª®y{pl`Lq^sy
J2
`Qknm}_Ht_9q_4¢qlm
λmax(ν = 0.3) =
z
a
= 0.4808645
»ÇPPP½
~Sy{qsq^p^`yPpDmustpPmo`Plt_¡`LpkutyPp^p^r`8¢£wpDm
τ1max
p0
= 0.3100205
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`L£#kutPp^t¯`}vDq^`~JyPq^sO£`}sot­mo]so`l` SRy{pdÈtwk`QkOyP_=_¡`~Sy{qsO£`}sutmu]Lsu`l`e[¨so`Lkoe£8~su`QkukutyPp
_=yjP`p^p^`8¥¡~sumuts}l`#£w{vDq^`L££`8£`#sotmu]so`#l`#~^£w{kmutwtmur8`Lkmcmumu`LtpDm}¢qlm
p0 =
σ0
2τ1max
»®DH½
kuy{tm~JyPq^s
ν = 0.3
p0 = 1.6127966σ0
»®DPP½
´ep,¢{yPt­mcvDq^`#£w=~^so`Lkokty{p3_=yj{`Lp^p^`{²
pm
²`Lkmcsu`L£tr`8~{s}q^p^`y{pkmo{pDmu`8{rLy{_=rmosutwvDq^`#{lt_=`pl¤
kuty{p^p^rL` ¥e£wey{pDmustpDmu`-£t_¡tmu`¥e£Y« rLy{q^£`_=`LpPmQ¦µ¾Op9mo`p{pDmy{_=~lmu`l`£A« rQvPqJmuty{p¨²H» 2¼D½²y{pp^ymo`s
pk£w=kq^tmu``mumu`yPpkmopDmo`
CY
kuy{tm  	
pY = CY σ0
»®D{D½
 ^'0*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^{pk9`~sPso{~^\^`=£`Pk9l`
^`ql'jD£tplso`Lk
r£w{kmutwvPq`LkL¦D§¨`LkyPpPmoso{tpDmo`Lk-kuy{pDmly{pp^r`Qk-~{s£`Qk-rQvPqJmuty{pJke»Y 2P½¦^e`e£w9_=¿L_¡`
_{p^t]Lsu`P²Wy{p"~J`Lqlm_=y{pDmuso`s#vDq^`=£`Qk#yPpPmoso{tpDmo`Lkl`twku{t££`L_=`pDmn~^sotpt~£`Lkkuy{pDm#_=lt_£`Lk
kuq^s£A« l`
z
¦^« {~^su]Qk£`QkrLvDqmuty{pk#»Y 2P½²l£`Lk}y{pDmustpDmu`Lkkuq^s£A« H`
z
kL« rQsot¢P`pDm
σx = −
p0
a
[
(a2 + 2z2)(a2 + z2)−
1
2 − 2z
] »®D 2{½
σz = −p0a(a2 + z2)−
1
2
»®D{¼D½
±
`QkyPpPmoso{tpDmo`LkkyPpDm^`LkyPpDmustpPmo`Lk ~^sotpJt~£`LklyPp£=y{pDmustpDmu`#l`#twku{t££`_=`pDm}k« rLsutm
τ1 =
p0
a
(
z − z2(a2 + z2)− 12
) »®DGD½
kuy{tm}l`#_p^t]so`8{lt_=`pkutyPp^p^rL`
τ1
p0
= λ− λ2(1 + λ2)− 12 »®JLD½
§¡^rsot¢Pr`8~ss~~JyPsm¥
λ
ly{pp^`ly{pJ	
1
p0
∂τ1
∂λ
= 1− 2λ
(1 + λ2)
1
2
+
λ3
(1 + λ2)
3
2
»®J{µ½
§¨`c_lt_9q^_%l`Qk
y{pDmustpDmu`QkO`Lkm ^y{pemmo`tpDm tplrL~J`Lp^_=_=`pDml`
ν
~JyPq^sl`Lk
¢£`q^sk
L£wql¤
£r`QkpHq^_=rsotvDq^`L_¡`LpDmkuy{qJk}hlt£{0
λmax = 0.7861514, τ1max = 0.3002831
»ÇQP½
´ep0lyPp^p^`kuq^s}£w¡¯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p3ª®y{pmuty{p0l`
λ
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xy{qs£`sot­mo]so`
l`[su`QkuL^²Qy{py{lmot`LpPmRlyPp-qp^`~^su`Qkukuty{p_=yj{`Lp^p^` l`kq^suªÇ{`
¥e£Y« rLy{q^£`_=`LpPm
~£PknmotvDq^`8tplr~S`pJ^pDmcl`
ν
kuy{tm
p0 =
σ0
2τ1max
= 1.6650953σ0
»®J ) ½
xyPq^s
£`8sot­mo]so`el`ESRy{p'd0tku`LkL²H£musoy{twkt]_=`e^tso`Lmuty{p~^sotpt~£`8l`ey{pDmustpDmu`Lk
`pDmosu`e`pzn`Lq'`Lp
^rª®y{so_motyPpk ~^£{p^`LkL¦J±
`mumu`8mosuyPtkut]L_=`8y{pDmustpDmu`~^sotpt~J£`¢{qlm
σ3 = ν(σ1 + σ2)
»®JH½
h^pk9`pDmuso`s¡^pk9£`Qk9lrmo{t£wk^q {£q^£
lqsot­mo]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_`Lkm}sorL£twkr#¥=£wkq^suªÇ{`l`yPpDmo{mL¦^xyPq^s}l`Lkc¢£`q^skkq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q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suyl`Qkukuqkl`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Pk`Qk5
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sumuÊ{²
J½q^p^`À~^\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mL²
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m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p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( c
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( c
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lq^tmc¥
2πa2du(a) = πa2dδ = πa2
a
R
da
»®H¼P½
¾-p qlmot£tkopDm8£Y« rLvDqmuty{p »ÇD{P½`m£A« rLvDqmotyPp©l`¡yPpk`Lsu¢muty{p lq©¢{yP£q^_=`P²JyPp0y{lmot`LpDmq^p``Qknmot­¤
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sl`Lkmosoµ¢q^8kuq^s£Y« tpl`pDmmuty{p9r£w{kmuy¤
~£PknmotvDq^`c¯pl`c^y{p^p^`LsOq^p^`e`Lkmut_muty{p^qyH`¬t`pDm
^`}su`Qknmot­moqlmuty{p¨¦{xy{q^s `L£²{q^p^`el`sop^t]so`
~\{ku`#su`Qknmo`¥=_=yH^r£tku`sQ¦ °£kL« {{tmclqÈso`muyPq^sr£w{kmutwvDq^`#~S`p^{pDmc£=~\{ku`l`#so`LkmutmuqlmotyPp6¦W±
`mmu`
~\{ku`#k`Lso`pH¢HtkoPr`8q 6 2H¦×l¦ ¦
§~^so`_=t]so`}`Lkmut_muty{plq'yH`¬t`LpDm l`esu`Qknmot­moqlmuty{p'ku`_^£`cso`_=y{pDmu`Ls-¥      	 À»nG{¼D{½¦
¾-££`
p`
yPpkutl]Lsu` vDq^`
l`Lqlrm~S`Lklq9_=yll]L£` « tpl`LpDmomotyPp{p£jDmutwvPq`{¦µ§¨}~\{ku`
« r£w{kmuyP~^£w{k¤
mott­morcyPpl¯p^rL`}p6« `Lkm-~PkR~^sotku``py{_=~lmu`P¦  ¹¸
 ¨·,»AGGD{½~^soy{~SyPku`£`c_¡¿L_=`mnjH~J`c6« {~^~^soyH\`
`Lp³£wq£{pPmltso`Lmo`_=`pDm#£`Lk#rLp^`so{t`Lk8ltwkukut~JrL`Lk#~{s8£`=mosoµ¢t£Ol`£wª®y{s`l`yPpDmo{mL¦¾Op^¯p6²
 ¹W¸
$¨·»Y{{PP½y{pJktwl]so` q^p=_¡yll]L£` mo`p{pPm-y{_=~lmo`^`Lkmusoy{twk~^\Pk`Qk¦acy{qk`l~JyDk`LsuyPpkpk
£w=kqt­mo`#£`Qk{spl`Qk £t{p^`Qkl``Qk`Lkmut_muty{pJk¦
4 @^ *0* *HLÃA0®ÃQ¨Ã0ÇÂ /
 
0HÅ@  *0HÆ ^LÃA0;* bcp^`8ª®y{twk £¡~Srsotyll`#l`#y{_=~^so`Lkokty{pmo`so_=t­¤
pr`{²lqp^`8~sumut`#l`8£Y« rp^`LsuPt`8tp^rmutwvPq`tp^tmutw£`#su`L£mut¢{`rmur#kuy{tmkmuyl Pr`8kyPqk
ª®y{so_¡`#« rp`so{t`
~Symo`pDmut`££`}r£w{kmutwvDq^`ckuy{tm-ltkokut~Sr`e~s-^tkokt~muty{p=~^£w{kmutwvPq`{¦PpJkO£w#~^\Pk`}so`Lkmutmuq^muty{p6²P£Y« rp^`Ls¤
Pt`8rL£PknmotvDq^`#kmuyl {rL`lyPp^p^`#£t`Lq3¥=qp^`#lrL\{suP`erL£PknmotvDq^`P¦
x`pJ^pDm£lrL\{suP`{²P£9su`L£muty{pª®yPso`µtpl`LpDmomotyPp`Lkm
rL£PknmotvDq^`P¦D§~^sotpJt~£`c\HjH~Jy{mu\^]Qk`
vDq^t
`Lkm#ªÇtmu``Qknm¡vPq¨« `L££`'kuq^t­mq^p^`£y{t-^`'É}`LsmoÊr£w{kmutwvDq^`~^so`p{pPm`LpyP_¡~^mu`£w,_=yH^t­¯JLmotyPp
^`#£kuq^suªÇ{`#l`y{pDm{m}lq`9¥=£Y« `_=~^so`tpDmu`#~^£w{kmutwvDq^`#£wtwkukur`8~{s£y{_=~^so`Lkokty{p6¦^§¨`#p^y{q¢{`L{q
sµj{yPp'l`y{q^so^q^so`
R̄
`Lkm}£y{sk
pymur#~Js 
R̄ =







R̄1R̄2
R̄1 + R̄2
, R̄1 ≥ 0, R̄2 ≥ 0
R̄1R̄2
R̄1 − R̄2
, −R1 > R̄2 ≥ 0
»®PDP½
§¨`'~^so`_=t`s=Pk9yPsuso`Lku~Sy{p³¥©l`Lk¡kqsªÇP`LkL²vDq^tkuy{pDmso`LkmurL`Lky{pH¢P`l`Lk~^so]Lk9£©lrª®yPsu_motyPp
~£PknmotvDq^`8`m}£`#k`QyPpL{ky{sosu`Qk~Sy{p¥¡q^p^`kuq^sªÇP`#l`L¢{`pHq^`8yPpµ¢P`{¦
´eppymu`-£Y« tpJl`pDmomuty{p#`Lp#¯p9l`-~^\{ku`-l` yP_¡~su`QkukutyPp
δc
`m¨£A« tpl`LpDmomotyPp9vDq^tP}£t`q9{qyPq^sok
^`'£wÈsu`Qknmot­moqlmuty{p³rL£PknmotvDq^``Lkm9p^y{mur`
δr
¦eqªÇtm¡^`Lk9^rª®y{so_motyPpk~^£w{kmutwvDq^`Lk9~J`Lsu_{p^`pDmu`Qk²
£A« tp^`pDmomuty{p¯p£`{²
δf
`LkmclyPp^p^r`#l`#£w¡_p^t]so`#kq^t¢pDmu`
δf = δc − δr
»®PPD½
bcp^`}\HjH~Jy{mu\^]Qk``QknmOPrp^rLso{£`L_¡`LpDmªÇ{t­mo`}~JyPq^s-Ls{morsotku`s£A« tpl`LpPmmotyPp=^q^`}¥8£8so`Lkmutmuq^muty{p6¦
´ep©kq^~~JyDk`¡vPq`9£A« tpl`LpPmmotyPp0~J`Lp^{pPm8£w'lrQ\so{`#rL£PknmotvDq^``LkmPry{_=rmusotvDq^`L_¡`LpDmekt_=t£wtso`
¥=`££`#vDq^t¨¡`q,£t`Lq,~J`Lp^pDm£w\so{`er£w{kmutwvPq`{²^kuy{tm
δY
R
=
δr
R̄
»®P>2{½
§9so`£wmotyPp`pDmuso`£`8sµj{y{p^`y{pDmoPm`m£Y« tpl`pDmmuty{pr£w{kmutwvDq^`e`QknmlyPp^p^r`~{s
£A« rQvDqmotyPp
»Y{D½²kuy{tm~Sy{qs
δY
`m
δr

δr
R̄
=
a2r
R̄2
,
δY
R
=
a2Y
R2
»®PP¼D½
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¾Op©kq^~~JyDku{pPm}vDq6« `p,¯p0^`y{_=~^so`LkokutyPp6²ly{p0=£w=su`L£muty{p³»® ) D½-£A« tp^`pDmomuty{p
δc
`Lkmcso`£trL`
{qsµj{yPp
ac
l`#£w¡_p^t]so`#kq^t¢pDmu`
2
δc
δY
=
a2c
r2
+ 1
»®P=GP½
`#vPqt6~J`Lqlm}¿mosu`8sorrQsot­m{s {`¥,»Ç{P¼D½ kyPqk£ª®yPsu_=`#kqt¢pDmo`
2
δc
R
=
a2c
R2
+
δY
R
»®HD½
¾Op^¯p6²~JyPq^s=lrLlqtso`'£`'s~^~Sy{sum`pDmosu`£Y« tpJl`pDmomuty{p
δr
`m=£A« tpl`LpPmmotyPpq_lt_9q^_ l`
y{_=~^so`Lkokty{p
δc
²y{pÀkq~^~JyDk`vDq^`=£w'¢sotwmuty{p"lqÀsoµjPy{p ^`=y{pDmoPm
ar
`Qknm#rLP£`=q"soµjPy{p l`
y{pDmoPm`p¯pÈl`y{_=~^so`Lkokty{p
ac
²`vPqt6ly{p^p`
R̄
R
=
δr
δc
=
(
2
δc
δY
− 1
)
1
2 »®Hlµ½
°£S~S`qlm¿mosu`etpDmorso`Lkoku{pPm l`epymu`Ls vDq^``mmu`so`£wmuty{p^`lrQ\so{`cr£w{kmutwvPq`cso`Lkmu`c¢{£{^£`ktS£A« yPp
^rL\{suP`¥¡~{smotsl`#£w¡~^\{ku`#l`#~^£w{kmutwtmur#yPpl¯p^rL`{¦
§¨`9mosoµ¢t£l`£wª®yPso`rL£PknmotvDq^`¡vDq^tRy{pDmosut^q^`¡¥'£wso`LkmutmuqlmotyPp `Qknm8y{lmo`pHq `Lp tpDmurPso{pDmc£
sorLkuq^£mo{pPmo`#l`#y{pDm{mrL£PknmotvDq^`
F =
4
3
E∗R̄
1
2 (δ − δf )
3
2
»®H{P½
kuq^s£A« tpDmu`Lsu¢££`8^`so`Lkmutmuq^muty{p
δf ≤ δ ≤ δc
¦
±
`mmu`tpDmor{smotyPp0yPplq^tm¥qpÈmusµ¢t£¨p^rLPmot­ªn²
Wr
²WvPqt~S`qlm¿mosu``l~^sot_=r9kuy{qkc£ª®y{so_¡`
kuq^t¢pDmu`
Wr
σ0R
3 = −
∫ δr/R̄
0
4
3
E∗
σ0
(
R̄
R
)3(
δ
R̄
)
3
2
d
(
δ
R̄
)
= − 8
15
E∗
σ0
(
δr
δY
)3(
δY
R
)
5
2 »®H ) ½
¾Op qlmut£twkopDm}£=so`£wmotyPp,{ryP_=rmusotwvPq`~Sy{qs}£^rL\{suP`=»Ç{2½
`mc£`Lkc`l~^so`Lkokty{pJk ^q,musµ¢µ{t£
`mcl`8£Y« tpl`pDmmuty{pÈ¥¡£A« rQy{q£`L_¡`LpDm~£PknmotvDq^`P²ly{p,y{lmot`LpDm
δY
R
=
δr
R̄
=
(
3π
4
)2(
CY σ0
E∗
)2
,
WY
σ0R
3 =
8
15
E∗
σ0
(
δY
R
)
5
2 »®HH½
´ep©y{lmot`LpDm8£A« `l~^so`Lkokty{p ^q©s~^~Sy{sume`LpDmuso`£`¡musµ¢µ{t£so`Lkmutmuq^r
Wr
`m8£`¡musµ¢t£¥£Y« rLy{q^£`_=`LpPm
~£PknmotvDq^`
WY

Wr
WY
= −
(
δr
δY
)3
= −
(
2
δc
δY
− 1
)
3
2 »®H{P½
´ep0lyPp^p^`¡kq^se£¯{q^so`9£Y« r¢Py{£qlmuty{pÈl`£=ª®yPso`~S`p^{pDmc£`QkcltWrso`pDmu`Qkc~^\J{ku`Lk}l`¡yP_¤
~su`QkukutyPpk ~^£w{kmutwvPq`Lk`m~S`ppDm}£=lrQ\so{`P¦´ep~S`qlm}so`_{sovDq^`Ls `Lp~Jsumutwq^£t`Ls}vDq^`8£=~^\J{ku`
^`
~^£w{kmutwtmury{pl¯pr`zny{q^`q^p¡s P£` ~S`q¡t_=~Sy{sumopDmRkqs£wcª®y{s`l`y{pDm{mQ¦a}y{qJk¢P`sosuyPpkvPq`
£`Lk
~su`L_¡t]so`Lk
`Lkmut_motyPpklqyD`¬t`pDm}l`eso`Lkmutmuq^muty{p'~Js      	   »nG{¼PP½R`m  ¹¸
 ¨· »nAG=GPP½
pr{£t{`pDm}`mmo`~\{ku`#l`lrª®yPsu_muty{p6¦
ÍÍ Ò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XY
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6+@:7,*H
acy{qkso`~su`Lp^y{pk£A« `l`_=~^£`9l`#£A« t_=~{mc`pDmosu`l`Lql3ku~^\^]Lsu`Qk}¯Jp,^`9ly{pp^`s£`Lkc`Lkmut_=muty{pk
^q0yH`¬t`pDme^`su`Qknmot­moqlmuty{p0vDq^t~J`Lq^¢{`LpDmc¿mosu`8mosuyPq^¢{rL`Lk}^{pk£w£t­mumursmoq^so`{¦S´epÈso`~^so`pJlso¡£`Lk
pymomuty{pk^q 6 ^¦P¦
 0®Ã *DQ * J0 / 0Y ^Æ * 6
ÂJ   SÂ0 DÅPÂJÆ *H * / Ã 6Æ ^LÃA0;* §¨0¢Htmu`Qkuku`_=tpt_£`
VY
²~Sy{q^s
µ¢Py{tsrLyPq^£`_=`pDm-~^£w{kmutwvDq^`~S`qlm-¿muso`clrQlq^tmu`cl`c£Y« rLvDqmuty{pÈ»nPL¼P½~Sy{qsOq^p^`}tpl`LpDmomotyPp_lt­¤
_{£`
δm = δY

V 2Y =
16R
1
2E∗
15m
δ
5
2
Y
»®HD½
¾-p mo`p{pPmy{_=~lmu`Èl`,£A« `l~^su`Qkukuty{p^`
δY
ly{p^pr`È¥"£Y« rLvDqmuty{p »Ç2½²RyPpyPlmut`pDm£©¢Ht­mo`Lkok`
_=tp^t_={£`8~Sy{q^seµ¢{y{ts rLyPq^£`_=`pDm~^£w{kmutwvPq`
V 2Y =
16R3E∗
15m
(
3π
4
)5(
CY σ0
E∗
)5 »®H=2{½
xy{qs¡qp^`Èk~^\]so`3l`,sµj{yPp
R = 10mm
`LpPt`sknmps »
E = 210Gpa, ν = 0.3, ρ =
7000kg/m3, σ0 = 1000Mpa,CY = 1.1
½²Sy{p0yPlmut`pDmq^p^`¡¢Dtmu`Qkuku`9_=tp^t_={£`¡l`
0.15m/s
¦W±
`£w
y{sosu`Qk~Sy{pJ¥8q^p`c\Hqlmu`}kuy{qkO{sµ¢Dtmurl`
1.1mm
¦D±
`QkRsurQkq£­mmok-vPqt~S`q^¢P`pDmO~swmuso`rmoy{p^pJpDmok
yPpDm~Sy{qsmpDmrmur#¢{£twlrLk`l~JrLsut_=`pDmo{£`L_¡`LpDm~Js    ¸»AGDlQ½¦
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0*
0 AÂ  lÃ0ÇÂ /
6Æ *>0 / *H * / Ã6Æ Ã0;*      	   »AG{¼D{½
~^soy{~SyPku`#q^p^``Qknmot_muty{p0lq0yD`¬t`pDm}{kur`kuq^s
qp^`eku`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p^`Ls¤
Pt`#tp^r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∫ δc
0
P dδ =
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`Lkm£3¢Ht­mo`Lkok`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
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
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\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pJ^pDmc`mmo`#~^\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s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=
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q^p^`'{~^~^soyµHt_motyPp"l``mumu`so`£wmotyPp³^pk9£`{k
~Jsumutwq^£t`Ls« q^p³jH£tplso`kuq^s#q^p³~^£wp³« r~{tkoku`q^s¯p^t`{²`m9^{pk#£w3P_=_=`l`Qk8tp^`pDmomuty{pk
µ¢{pPm}rQyPq^£`L_=`pDmL¦±
`mmo`{~^~^soyµHt_motyPp`QknmOznqJknmot­¯rL`9~{sel`QkcL£wq^£wk}rL£rL_¡`LpDmok¯Jp^tkL¦¾-pkqt­mo`{²
£w3_=¿_=`lr_s\^`vDq^`=~JyPq^s#q^p³yPpDmo{mtp^tmutw£`_=`pDm~Sy{pmuq^`L£O`Lkm#qlmut£tkur`P¦ °£k8J{ku`pDm#£`Lq^sok
`Qknmot_muty{pkkuq^sq^p _=yll]£`0l`0lrª®y{so_=muty{pk¡`LpmosuyPtk=~\{ku`Lk=`Lp ^rª®y{so_motyPpk¡~^£{p^`Lk ¥
     	 »nAG>2D½¦
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Ã0;* §¨su`L£muty{p l`©sut{twltmur©vDq^t£t`©£Y« tpJl`pDmomuty{p
δ
¥³£
sorLkuq^£mo{pPmo`#l`Lk`SyPsmkl`yPpPm{m `QknmclyPp^p^rL`~Js
δ =
P
πE
(
2 ln(
2d
a
) − ν
1 − ν
) »®2µH½
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y 
d
`Lkm}£¡~^soyª®yPpl`qs6« q^p,~Sy{tpDmcl`#surª®rso`p`pk£`l`_=t¤A~£{p6¦
}¯p l`"yP_¡~su`Lplso`0£Y« tpq^`Lp`Àl`
d
kuq^s£wso`£wmotyPp»®2µD½tpDmusoyllq^twkyPpkq^p ~s_=]muso`
Plt_¡`LpkutyPp^p^`£
ξ
mo`£vPq`
d = ξR
¦^¾Op0q^mut£twku{pDmc£=so`£wmotyPp³»nL ) ½²Jp^y{qJk~JyPq^¢{yPpksorrQsotso`»®>2D½
kuy{qJk£ª®y{so_=`#kq^t¢pDmu` 
δ =
P
πE
[
2 ln
(
ξ
√
πER
(1 − ν2)P
)
− ν
1 − ν
]
»®2P½
§~^so`Lkokty{pÈl`¡y{pDm{m¥£Y« rLy{q^£`_=`LpPme`Lkmcp^ymor`9y{_=_=`~^sorLrLl`L_¡_=`LpPm~s
pY = CY σ0
¦
§9¢{£`Lq^s}knmps'l`
CY
~Sy{q^s£`#y{pDm{m« q^pÈjH£tp^su`#kuq^sq^p3~^£{pyPJrLtkokopDm}qsutmu]Lsu`#l`
[so`Lko`Lkm
3.0
¦l§¨¡surQkq£­mpDmu`#l`y{pDmoPm}¥¡£Y« rLy{q^£`_=`pDm`LkmclyPp	
PY = 3σ0aY
»®2D½
¾-p3q^mut£twku{pDm}£¡¢£`q^s}^q3sµj{yPp'l`y{pDmoPm~ss~^~Sy{sum}¥¡£=\{suP`et_=~JyDkrL`{²ly{p,yPlmut`pDm
PY
σ0R
=
3aY
R
=
36(1− ν2)σ0
πE
»®22{½
`#vPqt6~J`Lsu_=`mc« `l~^sut_=`s£A« tpl`LpPmmotyPp,Plt_¡`LpkutyPp^p^r`
δ
R
=
P
PY
(
6σ0
πE
)2
(1 − ν2)
[
2 ln ξ − ln P
PY
+ 2 ln
πE
6(1− ν2)σ0
− ν
1 − ν
] »®2¼D½
 £A« rLyPq^£`_=`pDmL²^`mumu`l`Lsup^t]so`8su`L£muty{p3l`¢Ht`pDm
δY
R
= (1 − ν2)
(
6σ0
πE
)2 [
2 ln ξ + 2 ln
πE
6(1 − ν2)σ0
− ν
1 − ν
] »®2GD½
±
`Qkel`Lql0l`sop^t]so`LkrQvDqmotyPpk}~S`so_=`mmo`pDm^`9so`£t`Lscq^p^`tpJl`pDmomuty{p Plt_¡`LpkutyPp^p^r`
δ/δY¥¡£w=\so{`8{lt_=`pkuty{p^p^rL`
F/FY

δ
δY
=
P
PY




1 −
ln
(
P
PY
)
2 ln ξ + ln
(
πE
6(1 − ν2)σ0
)
− ν
1 − ν




»®D¼{D½
»      ¹W¸
$¨·²#AGGP¼P½ª®y{pDm0£A« \HjH~Jy{mu\^]Qk`³vDq^`À~Sy{q^s0l`QkÈ¢£`q^sk3qkuq^`££`QkÈlq so{~^~Sy{sum
E/σ0 ≈ 300
`m`Lp kuq^~^~SyPkopDm¡vDq^`
ξ
mu`pJ¢{`Lsok9£Y« tpl¯p^tA²R`mumu`rLvDqmotyPp~S`qlm=¿mosu`'{~^~^soyl\^r`
~Js
δ
δY
≈ δ
δY
»®D¼^µ½
±
`mmo`#\DjH~Symo\^]Lku`8`Lkm¢{£twlr`#~Jsq^p,{£q^£6r£r_=`LpPmk ¯p^twk¦
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`8vDq^`
     	 È»AG 2P½²L£wc~su`QkukutyPp_=yj{`Lp^p^`
^` y{pDmoPm`LkmyPlmu`LpDq` kuy{qk£w}ª®yPsu_=`kq^t¢pDmu`8»®so`£wmotyPp
rQvDq^t¢{£`LpPmo`#¥£A« rLvDqmotyPp"»Ç )=) ½n½+
pm
σ0
=
2
3
+
[
1 + ln
(
4
3π
Ea
σ0R
)] »®D¼PP½
`#vPqt6~J`Lqlmcku`#su`L_¡`mmosu`#kuy{qk £w¡ª®y{so_¡`#Plt_=`Lpkty{pp^r`
pm
pY
= 1 +
1
CY
√
3
ln
a
aY
»®D¼ ) ½
§ª®y{s`#l`#yPpPm{mku`#lrL^q^t­ml`#`mumu`#`H~su`QkukutyPp'PsP`8¥£A« rLvDqmotyPp"»Ç>2P½ 
P
PY
=
a
aY
(
1 +
1
CY
√
3
ln
a
aY
) »®D¼H½
±
yP_¡_=`#~Sy{q^s£`Pk}« q^pÈyPpPm{mtp^tmutw£`_=`pDm}~Sy{pmuq^`L£Y²£Y« tpJl`pDmomuty{p,`Lkm}so`£trL`8{q,soµjPy{p
^`8y{pDmoPm~{sq^p^`#so`£wmuty{p{rLy{_=rmosutwvDq^`
δ
δY
= 1 +
a2 − a2Y
δY R
»®D¼PP½
¾Op#tpDmurL{spDm6`mumu`-^`sop^t]Lsu`Rso`£wmotyPppk£A« rLvDqmotyPp»®P¼{D½²y{p8y{lmot`LpDm¨£so`£wmotyPpcª®yPso`tp^`pDmomuty{p
~S`pJ^pDm}£w~\{ku`#l`#lrª®yPsu_motyPprL£Pknmoy{~^£w{kmutwvDq^`8y{p^¯p^r`
δ
δY
=
[
δYR
a2Y
(
δ
δY
− 1
)
+ 1
]
1
2
[
1 +
1
2CY
√
3
ln
(
δYR
a2Y
(
δ
δY
− 1
)
+ 1
)] »®D¼{D½
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Pk`0^`©lrª®y{so_=muty{p ~^£`tp^`_=`LpPm
~£PknmotvDq^`#lrL^qlmu`#~Sy{qsq^p^`#¢£`q^s}^`#£¡~^so`Lkokty{prD£`8¥ 
pp = Cpσ0
»®D¼ 2{½
y 
Cp
~^so`p l`Qk¢£`q^sk=qkuq^`££`Qkq^muy{qs'l`
2.4
¦ ±
`mmo`È¢µ{£`Lq^s'l`È~su`QkukutyPp_=yjP`p^p^`Èso`Lkmu`
y{pkmo{pDmu``mcyPplq^tmclyPp8¥£A« `Lkmut_=muty{pÈkuq^t¢{pPmo`#kq^s£w¡surQkq£­mpDmu`#l`y{pDmoPm
P
PY
=
Cp
CY
a
aY
»®D¼{¼D½
hHqt¢pDm¡£`Qk9_=¿_=`Qk\HjH~Jy{mu\^]Qk`Qk9vDq^`'~surQrL^`_=_=`pDmL²£Y« tpJl`pDmomuty{p`Qknm¡su`L£tr`q³sµj{y{p³l`
y{pDmoPm}l`8£w_{p^t]Lsu`#kuq^t¢µ{pDmu`
δ
δY
= 1 +
1
δYR
(
a2 − 2a2Y
) »®D¼GD½
§¡su`L£muty{p'`LpDmuso`£w¡ª®y{s`8l`y{pDmoPm`m}£A« tpl`LpDmomotyPp~S`q^mely{pJkL« rLsotsu`
P
PY
=
√
2
Cp
CY
[
δY R
a2Y
(
δ
δY
− 1
)
+ 1
]
1
2 »® G{D½
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{suP`#r£w{kmutwvDq^``Lkm{p£jlkrL`l`9£w_=¿L_¡`
_{p^t]Lsu`#vDq^`8~^sorLrLl`L_¡_=`LpPm`mcy{pJlq^tmcq3surQkq^£mom}kq^t¢pDm
δ
δR
=







1
2
(
δc
δY
− 1
)
, 1 ≤ p
pY
≤ Cp
CY
(
δc
δY
− 1
)
− a
2
Y
2δYR
,
p
pY
≥ Cp
CY
»® G^µ½
§Èso`£wmuty{pÀª®yPso`tpl`pDmmuty{p `Lkmy{^mu`pHq^`{s {`¥0£wÈsu`L£muty{pl`3É}`LsmoÊ'r£w{kmutwvDq^`kut_¡~£t¯r`
»ÇP¼Q½¦
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Ã0®ÃQ¨Ã0ÇÂ / §6`'yD`¬t`pDm¡l`su`Qknmot­moqlmuty{p³`Qknm¡y{lmo`pHq`Lp
L£wq^£wpDm£`Qk}mosoµ¢q^È^`9£wª®yPso`Lkl`y{pDmoPmkuq^s8£`Lklt­Wrso`pDmo`Lke~^\{ku`LkL¦6±
`¡L£wq^£yPplq^tm8¥
qp^`#`Lkmut_muty{pÈlqÈyD`¬t`pDm}l`#su`Qknmot­moqlmuty{pÈkut_=t£{tso`#¥`L£q^tly{p^pr^pk£`Pk« q^p0yPpPm{m
tp^tmutw£`_=`pDm}~Sy{pmuq^`L£Y¦
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hHtR£`=y{_=~Sy{sumu`L_¡`LpDmer£w{kmutwvDq^`9~£PknmotvDq^`¡~suªÇtme~S`q^m#ku`_^£`s8kumutwknªÇ{tkopDme~Sy{qs£`Lk{t`Lsok
kuy{££tt­morLk¥ªÇt^£`¢Htmu`Qkuku`{²lt£6so`Lkmu`#vDq^`#l`#p^y{_^so`ql_morsot{qlltWrso`pDm}k`Lpkt^£`_=`pDm}yPp`Ls¤
pJpDm
£`q^s yP_¡~Sy{sumu`L_=`pDmL¦H§¨#~£q^~Jsum l`Qk-_=rmql=`l\^tS`pDm ~Js-`l`_=~^£`el`e£Y« rLsuyPq^tkoko{`£y{skn¤
vDq6« t£kkuy{pDm9kuy{££twtmurQkq³l`L£¥È^`£t_=t­mo`r£w{kmutwvDq^`{¦¨e`_=¿_=`P²6£`y{_=~Sy{sumu`L_¡`LpDm#^`p^y{_^so`ql
_mursotwql²H`p,~{smotq^£t`s£`Lk mo\^`so_=y{~^£w{kmutwvDq^`Lk `Qknmcku`pkut^£`#¥¡£w=¢Dtmu`Qkuku`#l`#kyP££twtmomotyPp6¦
}¯pl`}sor~Sy{p^su`}¥#`LkOltWrso`pDmu`QkR£yPtk-l`cyP_=~JyPsmo`_=`pDmokL²P¶   
!	 ¦S»nG{¼GD½²P¶    »nAG=GPP½
yPpDm~^soy{~SyPkur=l`Lk#{~^~^soyH\`Lk8p{£jDmotvDq^`Qk^q©~^soy{£]L_¡`=« tpJl`pDmomuty{pÀl`| sutp^`££R~Sy{q^sl`Qk8£yPtk
^`0y{_=~Sy{sumu`L_¡`LpDm=~q^tkokop`À»ÇrLsuyPq^tkoko{`3`m¢HtwkuyPkut­morQ½¦ ±
`LklrL¢{`L£yP~^~J`L_=`pDmokyPpDm^rSy{q\^r
sorL`_=_=`pDm'kuq^sl` p^y{q^¢P`££`Qkr¢{£qmuty{pk'lq yH`¬t`LpDm'l` so`LkmutmuqlmotyPp ~JyPq^s'`Lk_mursotwql
 ¹ ¸  ·^¸ 	     ¸ 	 	  »AP{P½¦
M9$, *HÆ lÃ0ÇÂ /  ¨Â µÅ *  -/ 0* / Ã lÃA0YÂ / 6
ÂJ' / ÅPÂJJ6-Â/µÃ *D * / Ã * / ÆYÂ0 6:0YL  / Å*

Â0 0*9ÅPÂJN6
Â/µÃ!*H * / Ã 6 0ÇQ! / Å * b}p^`
ª®y{so_=`-kmopJ^s8q^p^twltw£`O~JyPq^s¨£`LkyP_=~JyPsmo`_=`pDmok
`Lp£y{t¨~^q^twkukop`8~J`Lqlm}¿mosu`#lyPp^p^r`8~{s
σ = σ0ε
M
(
ε̇
ε̇0
)N »® GPP½
y 
M
`m
N
kyPpDm^`Lk=`l~SyPkopDmok=~SyPkutmutªÇk²
σ0
q^p^`,~{so{_¡]muso`_mursot`£}yPpkmutmuqlmot­ª8`m
ε̇0
q^p^`
¢Htmu`Qkuku`3^`0lrª®yPsu_motyPpl`,sorª®rLsu`Lp`P¦pJkku©ª®y{so_=`3y{_=~^£]mo`{²O`mmo`È£yPt^`0y{_=~Sy{sumu`L_¡`LpDm
so`~surQk`LpPmo`q^pyP_¡~Sy{sumu`L_=`pDm-¢HtkovDq^`q^y{qqpy{_=~Sy{sumu`L_¡`LpDm-l`}~^£w{kmutwtmurc^r~S`p^{pDm
lq=mo{ql
^`,^rª®y{so_motyPp6¦Re{pkl`Lk¡ª®yPsu_=`Qk¡^r{rLp^rsor`Qk²y{p so`musoy{q¢{`^`Lk=£y{twk¡^`,y{_=~Sy{sumu`_=`LpPm~^£qk
qJkq^`L££`LkL¦xyPq^s
M = 0
²£w0£y{tku`'sorLlq^tm¡¥©l`3£ ¢DtwkoyPkutmur'l`3a}yPsmoy{pl¤°É}y{¦xy{q^s
N = 0
²y{p
so`mosuyPq^¢{`8l`8£w=~^£Pknmott­mor#µ¢{`LerLsuyPq^twkukoP`{¦
hl{pkO`LpDmuso`s
pk-~^£qJk-l`lrmt£k
kq^s `QkO£y{twk²P`££`Qk-ku`}{rLp^rs£tku`pDm-^{pkOqp'Plsu`mosutwlt_=`pl¤
kuty{p^p^`L£¨`Lp \^y{twkutkoku{pDmcl`Lke~Jy{mu`LpPmot`L£klq{ql
ψ
`m
φ
²Wsu`Qk~S`Lmut¢{`_=`LpPmcª®y{pmuty{pkc\^y{_=y{P]p^`Qkcl`
^`{sor
M + 1
`m
N + 1
mu`L£kvDq^`
σij =
∂ψ
∂ε̇
, ε̇ij =
∂φ
∂σ
, σ ⊗̄ ε = ψ + φ »®=G ) ½
§=l`sop^t]so`y{pltmuty{pÈl`#lqJ£t­mor#t_=~SyPku`ql'`l~JyDku{pPmk £¡so`£wmuty{p,kuq^t¢{pPmo`
M + 1 =
N + 1
N
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~Sy{p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muq^`L£w½R~JyDkuku]Ll`LpDm-£~^suyP~^sotrmur}« qlmoyPkut­¤
_=t£{sutmur#~Sy{qsel`Qk}£y{twk}« rLsoy{qtkoku{{``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m}l`e_=yPpPmosu`Ls vDq^`£`e~^soy{£]L_¡``LkmtpH¢sot{pDm
~{s qp
\Jp^P`_=`pDm6« rQ\^`££`¡{lrQvDqmQ¦WpJkc£`~suyP^£]L_=`« tpJl`pDmomuty{p"l`Lk_morsot{qlÈ`p £y{twke~^q^twkn¤
kopJ`LkL²`=\p{`_=`LpPm#« rL\^`L££`¡~J`Lsu_=`ml`kuq^kmutmuq^`Ls#£Y« rL\`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qp,mu`_=~k}¯Jmot­ª-6« q^p0\Jso{`_=`LpPm}vDqPkt¤ZkmomutwvDq^`Q½ ~{s}q^p^`9rL\^`L££`9ku~mot{£`P¦§6`~suyP^£]L_=`« tpl¤
^`pDmomuty{pÀ~s#qp^`'kuq^sªÇP`lrL¢{`£y{~~JrL``pÀ~sSy{£y Zl`=« q^pl`_=t¤A`Qk~J{`=`Qknm9{£yPsok8so`_=~^£w{r
~Js£`~^soy{^£]_=`8« tp^`pDmomuty{p3~s q^p3~JyPtp  y{p3~^£wmy3£¡lt_¡`LpkutyPplq,yPpPm{m p^`8¢sot`c~Pk¦
±
`QkR\p^P`_=`pDmk6« rQ\^`££`kuy{pDmRsu`Lplqk~SyPkokt^£`Lk~sR£`{soPmu]Lsu`-\^y{_=y{P]p^`l`Qk~Jy{mu`pDmot`L£k
^qql0Py{q^¢P`soppDm£`Qke£y{twk8l`yP_¡~Sy{sumu`L_=`pDm`m#~s8£`=Ls{mu]so`9\y{_=y{P]p^`¡l`=£3yPpPmoso{tpDmo`
PryP_¡rmusotvDq^`{~^~^£tvDq^rL`9kuq^s}£`l`L_¡t¤Z`Lku~{`{¦^¾Op ~sumutwq^£t`sQ²~Sy{q^sl`Lkekq^suªÇ{`Lk~Sy{q¢µ{pDmek`lr¤
¢P`£y{~^~S`s `p3~{so{JyP£y	Al`P²{£wy{pDmustpDmu`e`Lkm\y{_=y{P]p^`« yPso^su`8l¦´eqlmuso`8vPq¨« t£k~S`so_=`mumu`pDmq^p^`
kut_¡~£t¯Jmuty{plq~^soy{£]L_¡`P²{`QkO\{p^{`L_¡`LpDmokR« rL\^`L££`ª®y{pDm
{~^~{so mosu`l`~^£qk
l`LkOy{pkmo{pDmu`Lk
qp^t¢P`sk`L££`Lk-l`c`QkR~^soy{^£]_=`Qk-« tpJl`pDmomuty{p6¦l´ep~J`Lqlm-~S`pku`s
~s
`l`_=~^£`c{ql¡y{pkmo{pPmo`Lk
CY`m
Cp
vDq^ty{pDmrmor#tpDmusoyllq^tmu`Qk~^surQrQl`_=_=`pDmL¦¶     !	 ¦¨»AGP¼GP½-_=y{pDmuso`pDm`p,~{smotq^£t`LsvDq^`
£A« `l~^so`Lkokty{p
C2 =
a2
δ2R
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`QknmtpH¢sot{pPmo`=`mvDq^`
C2
p^`lr~S`p³vDq^`^`Lk#`H~SyPkopDmk#l`£w,£yPtO~^q^twkukopJ`{¦6bcp^`Sy{p^p`'~l¤
~suyµlt_=muty{p~JyPq^s
C2
`Lkm}£=kuq^t¢{pPmo`
C2 = 1.45 exp(−(M +N))
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xy{qs~^£qkl`lrmt£kkq^s`QkPk~S`Lmok« qlmoyPkut_=t£{sutmurP²y{p9su`LpD¢Py{t`Oq#mosoµ¢{ql8kuq^t¢pDmok »Y¶  
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/ 0* / Ã!lÃ0ÇÂ / b}pl`Lk-surQkq^£momokO^`e`mmo`cp{£jlku`~s \p{`_=`LpPm-6« rQ\^`££`
`Qknm£A« rQsot­moq^so`86« q^p`#su`L£muty{pª®y{s`°pl`LpPmmotyPpkuy{qk £w¡ª®y{so_¡`#kuq^t¢µ{pDmu`
P
πa2
= σ0α(N,M)
[
βM (M,N)
a
2R
]M
[
βN (M,N)
ȧ
ε̇02R
]N »® G 2{½
y £`Lk9ª®y{pmuty{pk
α, βM
`m
βN
kyPpDm¡l`Qkª®yPpmotyPpk9qp^tvDq^`L_=`pDm¡lrL~J`Lp^{pPm=l`Lk`l~SyPkopDmok
M`m
N
vDq^tW~J`Lq^¢{`LpPm¿muso`elrmu`so_=tprLk `l~Srsot_=`pDm£`_=`pDmL¦Hxy{qs^`e£w9~£Pknmott­morµ¢P`L}rQsoy{q^twkoku{{`
(N = 0)
²`QkRy{pJknmpDmu`QkRy{soso`Lku~JyPpl`pDmR¥8`££`LkRvDq^`    ¸0»AGDlQ½µ¢tmR_=tk`Lp¡rL¢Htl`Lp`^{pk
`Lk`H~Srsot`p`Lk5
α = 2.8
`m
βM = 0.4
¦
~sumutsel`¡kt_9q£muty{pkpHq^_=rLsutwvDq^`LkL²  ¹ ¸  ·^¸ 	 
 !	 ¦»nGG>2½ ~^soy{~SyPku`£A« `Qknmot_motyPp0kqt­¤
¢{pPmo`~Sy{qs£`Lkeª®yPpmotyPpk
α, βM
`m
βN
²6vDq^tRku`_^£`¡¿mosu`¡q^p^`¡mosu]QkeSy{pp^`~^~^soyµlt_muty{pÈ~Sy{q^s
£`Lk¢{£`Lq^sokqJkq^`L££`Lk^`Lk`l~SyPkopDmok
P
πa2
= 3(1 + 2N)σ0
[ a
6R
]M
[
ȧ
ε̇06R
]N »® G{¼D½
±
`mmu`È{p£jlk`,vDq^t} rmur,_=`p^rÈ^{pk¡q^p ~^su`L_=t`Lsmo`_=~k=~Sy{q^sl`Qk=tpJl`pDmu`Lq^sk¡ku~^\^rLsutwvDq^`Lk
sot{twl`Lk}kuq^s8l`Lkc~^£wpkelrª®yPsu_£`Qk}~S`qlm¿muso`ªÇPt£`L_=`pDmc{rLp^rs£twkrL`L¥l`Lql,y{so~kc^rª®y{so_^£`Lk
^y{pDme£`Lk£y{twkel`=yP_=~JyPsmo`_=`pDme~SyPkoku]Ll`LpPm8£`Lke_¡¿L_=`Lk`l~SyPkopDmokL¦/°£ªÇq^m#{£yPsokeyP_¡~su`Lplso`£
¢{£`Lq^s
σ0
y{_=_=`qp^`#¢£`q^srQvPqt¢£`pDmo`8kuy{qJk£ª®y{so_=`#kq^t¢pDmu`
1
σ
1/(M+N)
0
=
1
σ
1/(M+N)
1
+
1
σ
1/(M+N)
2
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	 	! 
y 
σ1
`m
σ2
{soPmurLsutwku`pDm
£`Lkl`Lql_mursotwql¦
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}¯p¡^`^y{p^p^`Lsqp^``Lkmut_=muty{p¡lqyD`¬t`pDmOl`
so`Lkmutmuq^muty{p6²µ£A« `H`L_=~^£`l` £A« t_=~{mR^` l`Lql
ku~^\^]Lsu`Qk`Lkmcso`~^sotwk}^pJkc`9~sPso{~^\^`{¦l§-« rQvPqJmuty{p³»Ç=GGD½`LkmcsorrQsot­mo`#`p,mu`Lsu_=`96« tpl`LpPmmotyPp
δ
kyPqk£w9ª®yPsu_=`kuq^t¢µ{pDmu`
P = γσ0(2R)
2
(
δ
2R
)1+(M−N)2
(
δ̇
ε̇02R
)N »Y{{D½
µ¢P`L
γ = 31−M−N2−N (1 + 2N)πC
1+(M+N)/2
2
»Y{^µ½
§-« rQvPqJmuty{p,lq,_=y{q^¢P`_=`pDmsor{twkoku{pPm£A« t_=~{m}~J`Lqlmcly{pJku`ª®y{so_9q^£`s}^`#£=kuy{sumu`
δ̈ +
γ
m
σ0(2R)
2
(
δ
2R
)1+(M−N)2
(
δ̇
ε̇02R
)N
= 0
»Y{P{½
bcp^`#~^so`_=t]Lsu`8tpDmurPsomuty{p~ss~^~Sy{sumq3mu`L_¡~Jkly{p^p`
δ̇2−N +
2(2 −N)γσ0(2R)1−(M+N)/2
m(4 +M −N)ε̇N0
δ2+(M−N)/2 = V 2−N
»Y{ ) ½
e`e`mmo`}~^so`_=t]so`tpDmurL{smotyPp6²y{p~S`q^m lrQlq^tsu`cy{_=_=`}^pJkO£`cPkOr£w{kmutwvDq^`£A« tpl`LpPmmotyPp
_Ht_9q_4~J`Lp^{pPm}£A« t_=~PmL²
δm

δm = 2R




m
(
1 +
M +N
2(2 −N)
)
ε̇20
2Rγσ0




2
4 +M −N
(
V
2Rε̇0
)
2(2 −N)
4 +M −N »Y{H½
§-« rL¢{y{£qlmotyPpl`}£w\so{``Lp=ª®y{pmuty{p'^`}£Y« tpsor_=`pDm-~S`q^m{£yPsok¿muso`elyPp^p^r`c`pso`_=~^£w  {pDm
£w¡¢£`q^s}l`
δ̇
ly{pp^r`#~{s#»Y ) ½ ^{pk£Y« rLvDqmuty{pÀ»Y{{P½ kuy{tm
P
πa2
=
γσ0
πC2




2Rγσ0
m
(
1 +
M +N
2(2 −N)
)
ε̇20




N
2 −N
(
δm
2R
)
M +N
2 −N
×
(
δ
δm
)
M −N
2



1 −
(
δ
δm
)2+
M −N
2



N
2 −N »Y{PP½
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§¨`8mu`_=~kcl`#y{pDm{m`Qknmª®yPq^supt~s}kut_=~^£`8tpDmor{smotyPp3^`
δ̇
~{sso{~^~JyPsm
δ
kuy{tm
t = ε̇−10




m
(
1 +
M +N
2(2−N)
)
ε̇20
2Rγσ0




1
2 −N
(
2R
δm
)
M +N
2(2−N)
×
∫ δ/δm
0
dx
(1 − x2+(M−N)/2)1/(2−N)
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`Lpq^mut£twku{pDm}£Y« rLvDqmuty{pÀ»Y{D½²J`mumu`#so`£wmotyPpku`kt_=~^£t¯`#l`#£w=kyPsmo`
t =
δm
V
×
∫ δ/δm
0
dx
(1 − x2+(M−N)/2)1/(2−N)
»Y{ 2{½
±
yP_¡_=`#`LpÈr£w{kmutwtmur{²£`#mo`_=~k}^`9yPpPm{m¥=£A« ~^~^soyl\^`#_lt_9q^_»
δ/δm = 1
½ ~J`Lqlm{£yPsok
¿muso`#lrLlqt­m}`Lpª®yPpmotyPp3^`Lk¢£`qsokl`#£wª®y{pmuty{p
Γ
»®¢{yPts»  ¨¸
  ²AG=G ) ½u½+
tm =
δm
V
× 2
4 +M −N ×
Γ(
2
4 +M −N )Γ(
1 −N
2 −N )
Γ(1 − M +N
(2 −N)(4 +M −N) )
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σx, σy , σz, τxy, τyz, τzx
¦-bcp L{k=~{smotq^£t`Ls~J`Lqlm'¿mosu`Èy{pkut­¤
^rsor£yPsokovDq^`£`}\{suP`_=`pDmR`Lkm-ltwkjH_=rmosutwvDq^`qlmoy{q^sO^`}£Y« l`
z
¦¾OpyHyPsolyPp^p^rL`LkRjH£tpJlsutwvDq^`Lk
(r, θ, z)
²Q£`Lk~^so`Lkokty{pk
p(r)
`m
q(r)
kyPpPmtpJlr~S`ppDmu`Qkl`
θ
`m
q(r)
`Lkm^tsotPr` kq^t¢pDmqp9sµj{y{p¨¦
§¨`Lk#y{_=~JyDku{pDmu`Lk8l`QkyPpDmustpPmo`Lk
τrθ, τθz
k« ppDq£`LpPm{£yPsok`m#moy{qlmo`Lk8£`Lk{qlmuso`Lk8y{_=~JyDku{pDmu`Lk
kuy{pDmtplr~S`pJ^pDmu`Qkl`
θ
¦
´epÈmosuyPq^¢{`Lso¡q^p`9~^sorLku`pDmomuty{pÈyP_=~^£]mu`9^`9£w=mu\^rLy{sot`9{rprs£`l`Lk}ª®y{pmuty{pkc~Jy{mu`pDmot`L££`Lk
pk
£`QkOmoso{t­morLk « r£w{kmutwtmure£PkukutwvPq`{²D¢{y{ts-~Js-`l`_=~^£`¡»   	6·      $Ï·¸²JGPlµ½`m
   · »nAGD{P½¦H¾O££`QkkyPpPm£`~£qkkuy{q¢{`pDmsu`L£tr`Qkqlmo\^ryPsut`Lkl`Qk
ª®y{pmuty{pkl`  so``Lp~Sy{q^s£`Lk
rQvDqmotyPpk-{ql=^rsot¢Pr`LkO~sumut`££`Qk¦Da}yPqk-p¨« `Lply{p^p`soy{pk-ttSvDq^`}£`Lk
~^sotpJt~ql=sorLkuq^£­mmkOqlmot£`Lk
{q3y{pDmoPm}l`Éc`sumuÊ{¦
-   ") 
/ .0	1#"
#$ # ' # %/$ 
  # 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§-« {~^~^soyH\`0£w{koktwvDq^`0~Sy{q^s'musoy{q^¢P`s£`Lky{pDmoso{tpDmu`Qk`m3£`Qk'lrL~^£w{`L_=`pDmok^pk'q^p l`L_=t­¤
`Qk~J{`r£w{kmutwvDq^`8`Lkm}lq^`#¥    	 	  ¨·
	  »L¼P¼P{½-`m0e·^¸¸ ¹ O»L¼P¼P{½²lvPqt6y{pDmqlmut£twkur#£mu\ry{sot`
^`Lk~Symu`LpDmut`£wk¦
±
yPpktwlrLsuyPpkq^p~Sy{tpDmy{q^spDm
C
l`
£ckq^suªÇ{`-\{suPr`{²
S
²so`~SrsorO~sk`Qk¨yDyPso^y{p^p^rL`Lk
(ξ, η)`mcq^p0~Sy{tpDmy{q^spDmclq0l`L_=t­¤Z`Lku~{`
A
so`~Srsor#~{seku`LkcyHy{sly{p^pr`LkLsumurQkt`p^p`Lk
(x, y, z)
¦S§¨
^tkmo{p`8`pDmosu`
C
`m
A
~J`Lqlm}¿mosu`#lr¯p^t`l`#£w_{p^t]Lsu`#kuq^t¢µ{pDmu`
CA ≡ ρ = [(ξ − x)2 + (η − y)2 + z2] 12 »Y^ 2{½
´ep,tpPmosuyllqt­m£`Lkª®yPpmotyPpkvDq^t¨komutwkª®y{pDm £`Lk}rLvDqmotyPpkl`§¨{~^£w{`#kuq^s£`8^`_=t­¤Z`Lku~P`
F1(x, y, z) =
∫
S
qx(ξ, η)Ω(z, ρ) dξdη
»Y^L¼D½
G1(x, y, z) =
∫
S
qy(ξ, η)Ω(z, ρ) dξdη
»Y^AGD½
H1(x, y, z) =
∫
S
p(ξ, η)Ω(z, ρ) dξdη,
»YPD½
y 
Ω(z, ρ) = z ln(ρ+ z) − ρ »YPlµ½
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er¯Jp^tkokuy{pk_tpDmu`LppDm£`Qk~Jy{mu`LpPmot`L£kckq^t¢pDmok
F (x, y, z) =
∂F1(x, y, z)
∂z
=
∫
S
qx(ξ, η) ln(ρ+ z) dξdη
»YP{P½
G(x, y, z) =
∂G1(x, y, z)
∂z
=
∫
S
qy(ξ, η) ln(ρ+ z) dξdη
»YP ) ½
H(x, y, z) =
∂H1(x, y, z)
∂z
=
∫
S
p(ξ, η) ln(ρ+ z) dξdη
»YPH½
ψ1 =
∂F1
∂x
+
∂G1
∂y
+
∂H1
∂z
»YP{P½
ψ =
∂F
∂x
+
∂G
∂y
+
∂H
∂z
,
»YPD½
´epÀ~S`qlm_=y{pDmosu`LsL²W`pÀso`ª®yPsu_q^£{pDm£`Lk8rQvPqJmuty{pJk6« rL£Pknmott­mor`pÀlr~^£w{`_=`pDm#`p"ª®yPpmotyPp
^`Lk#~Symo`pDmut`£wk9vDq^`£A« y{pÀ¢Ht`LpPm¡l`'lr¯p^ts»®¢Py{ts»    ·W²
AGPP{½u½²6vDq^`£`Lk^r~^£w{`_=`pDmok^pJk#£`
^`_=t­¤Z`Lku~P`r£w{kmutwvPq`8kuy{pDmsor{twk~{s £`Lk}rLvDqmotyPpkkuq^t¢{pPmo`Lk
ux(x, y, z) =
1
4πG
[
2
∂F
∂z
− ∂H
∂x
+ 2ν
∂ψ1
∂x
− z ∂ψ
∂x
] »YP=2{½
uy(x, y, z) =
1
4πG
[
2
∂G
∂z
− ∂H
∂y
+ 2ν
∂ψ1
∂y
− z ∂ψ
∂y
] »YP¼D½
uz(x, y, z) =
1
4πG
[
∂H
∂z
+ (1 − 2ν)ψ − z ∂ψ
∂z
] »YP GD½
»Y ) D½
±
`Qk¨`H~su`QkukutyPpk¨^rLsoy{twkok`LpPm¨y{_=_=`
(1/ρ)
¥}Pso{pl`-^tkmo{p` l`-£wckuq^suªÇ{` \so{rL`{¦¾-££`Lkso`¤
~surQk`LpPmo`pDm-lyPp£`Qk-lrL~^£w{`L_=`pDmokRrL£PknmotvDq^`Qk~^soyH\`LkOlq\Jso{`_=`LpPmQ¦ ~^£qkOPso{pl`ltwknmp`{²
£`#l`_=t¤A`Qk~J{`8`QknmclyPp8kq~^~JyDkr8t_=_¡yP^t£`P¦
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§¨`Lky{pDmoso{tpDmu`Qk¨^{pk£`l`_=t¤A`Qk~J{`-~J`Lq^¢{`LpPmR£y{sk6¿muso`
lrQlq^tmu`Qk^`
£w}£y{tHl`y{_=~Sy{sumu`L_¡`LpDm
6« rL£Pknmott­mor£tp^rL{tso`8tkuymosuyP~J`8rLsutmu`8`Lp3lrL~^£w{`L_=`pDm
σx =
2νG
1 − 2ν
[
∂ux
∂x
+
∂uy
∂y
+
∂uz
∂z
]
+ 2G
∂ux
∂x
»Y ) µ½
σy =
2νG
1 − 2ν
[
∂ux
∂x
+
∂uy
∂y
+
∂uz
∂z
]
+ 2G
∂uy
∂y
»Y ) P½
σz =
2νG
1 − 2ν
[
∂ux
∂x
+
∂uy
∂y
+
∂uz
∂z
]
+ 2G
∂uz
∂z
»Y )) ½
τxy = G
[
∂ux
∂y
+
∂uy
∂x
] »Y ) H½
τyz = G
[
∂uy
∂z
+
∂uz
∂y
] »Y ) P½
τzx = G
[
∂uz
∂x
+
∂ux
∂z
] »Y ) D½
 ^ 6  µÃA0YÅ{Æ0 *  0 K / * A0YN6Æ * 6*HL0ÇÂ / / Â  ^Æ * pJk£`,{k¡y ku`q^£`qp^`~su`QkukutyPp
py{so_={£``Lkmc~~^£twvDq^r`P²ly{p,¡£`Qk~Jy{mu`LpPmot`L£kkuq^t¢pDmok
F = F1 = G = G1 = 0
»Y ) 2½
6« y 
ψ1 =
∂H1
∂z
= H =
∫
S
p(ξ, η) ln(ρ+ z) dξdη,
»Y ) ¼D½
ψ =
∂H
∂z
=
∂ψ1
∂z
=
∫
S
p(ξ, η)
1
ρ
dξdη,
»Y ) GP½
ux = −
1
4πG
[
(1 − 2ν)∂ψ1
∂x
+ z
∂ψ
∂x
)
] »YPD½
uy = −
1
4πG
[
(1 − 2ν)∂ψ1
∂y
+ z
∂ψ
∂y
)
] »Yµ½
uz =
1
4πG
[
2(1 − ν)ψ − z ∂ψ
∂x
)
] »YDP½
¾Op0ku`8so{~^~S`£wpDm}vPq`£`Lk~Symo`pDmut`£wk
ψ
`m
ψ1
¢Prsot­¯J`pDm £A« rLvDqmotyPp3^`§¨~£P`{²ltA¦ `{¦²
∇2ψ = 0, ∇2ψ1 = 0
»Y ) ½
`mcvDq^`8£=lt¢{`LsuP`p`e`QknmclyPp^p^rL`~Js
∆ ≡ ∂ux
∂x
+
∂uy
∂y
+
∂uz
∂z
=
1− 2ν
2πG
∂ψ
∂z
,
»Y{H½
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yPpyPlmut`pDm}£`Lky{pDmustpDmu`Lk `Lp,\J{vDq^`~JyPtpDmclqÈkuy{£tl`8`Lpª®yPpmotyPp3^`Lk~Symu`LpDmut`£wk5
σx =
1
2π
[
2ν
∂ψ
∂z
− z ∂
2ψ
∂x2
− (1 − 2ν)∂
2ψ1
∂x2
] »YDP½
σy =
1
2π
[
2ν
∂ψ
∂z
− z ∂
2ψ
∂y2
− (1 − 2ν)∂
2ψ1
∂y2
] »YPD½
σz =
1
2π
[
∂ψ
∂z
− z ∂
2ψ
∂z2
] »Y>2{½
τxy = −
1
2π
[
(1 − 2ν) ∂
2ψ1
∂x∂y
+ 2
∂2ψ
∂x∂y
] »YP¼D½
τyz = −
1
2π
z
∂2ψ
∂y∂z
»Y=GD½
τzx = −
1
2π
z
∂2ψ
∂x∂z
»YPD½
xy{qsmu`so_=tp`sQ²ltpDmusoyllq^twkyPpk£`LkyPpltmuty{pk{ql'£t_=tmu`Qk`p3ª®y{s`#kuq^s£w¡kuq^suªÇ{`
S

σ̄z =
1
2π
[
∂ψ
∂z
]
z=0
=
{
−p(ξ, η) kuq^sch ,
0
`Lp3l`L\^y{sk
.
»YPlµ½
§¨`LklrL~^£w{`L_=`pDmok¥¡£w¡kuq^suªÇ{`~S`q¢{`pDm¿mosu`#lyPp^p^rQk`p,r¢£q{pPm£`LkrQvPqJmuty{pJk»ADP½Z¤»YDP½O`Lp
z = 0

ūx = −
1− 2ν
4πG
[
∂ψ1
∂x
]
z=0
»YP{P½
ūy = −
1− 2ν
4πG
[
∂ψ1
∂y
]
z=0
»YP ) ½
ūz =
1 − ν
2πG
[ψ]z=0
»YPH½
§¨`LkrQvPqJmuty{pJk»A{^Q½
`m9»A{H½
_¡yPpDmuso`pDm}vPq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~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p
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muty{pkW~surQrL^`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kR`Lpª®y{pmuty{p'^`LkO~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mo`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p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kª®yPsu_=`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{p^tvDq^`Qk¦
¾-p~^somutwvDq^`{²£`LkO^r¢{`L£yP~^~S`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t£`LkL¦{e`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pDmok
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´ep'kuq^~^~SyPku`c^{pk `mumu`e~sumut`cvDq^`c£`Lk
yPpPmoso{tpDmo`LkOkuy{pDm
~suyllq^tmu`QkO~{s-q^p`}ª®y{s`ey{pJ`pDmosurL`
¥e£A« yPsut{tp^`{¦§^tkmo{p`q~JyPtpDm-l`\{suP`_=`pDm~J`Lqlm-£y{skkL« `l~^sot_=`sRl`£w_={p^t]so` kuq^t¢µ{pDmu`
ρ = (x2 + y2 + z2)
1
2
»YP{P½
`m}£`#\{suP`_=`pDm~s
P =
∫
S
p(ξ, η) dξdη
»A{{P½
§¨`Lk~Symu`LpDmut`£wk}l`| y{qkokutp^`Qkuv=`m±
`sosuq^mut6ku`sorL^q^tku`pDm}£y{sk¥ 
ψ1 =
∂H1
∂z
= H = P ln(ρ+ z)
»A{ 2½
ψ =
∂H
∂z
=
P
ρ
»YP¼D½
¾OpÈq^mut£twku{pDm£`LkrQvDq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lrL~^£P`L_¡`LpDmok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ux = −
P
4πG
[
xz
ρ3
− (1 − 2ν) x
ρ(ρ+ z)
)
] »YP GD½
uy = −
P
4πG
[
yz
ρ3
− (1 − 2ν) y
ρ(ρ+ z)
] »Y{{D½
uz =
P
4πG
[
z2
ρ3
+
2(1− ν)
ρ
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§¨`LkyPpDmustpPmo`Lkkuy{pDm}ly{p^p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`Lk~Js£`Lk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σx =
P
2π
[
1 − 2ν
r2
[(
1 − z
ρ
)
x2 − y2
r2
+
zy2
ρ3
]
− 3zx
2
ρ5
] »Y{PP½
σy =
P
2π
[
1 − 2ν
r2
[(
1 − z
ρ
)
y2 − x2
r2
+
zx2
ρ3
]
− 3zy
2
ρ5
] »Y{ ) ½
σz = −
3P
2π
z3
ρ5
»Y{H½
τxy =
P
2π
[
1 − 2ν
r2
[(
1 − z
ρ
)
xy
r2
+
xyz
ρ3
]
− 3xyz
ρ5
] »Y{PP½
τxz = −
3P
2π
xz2
ρ5
»Y{{D½
τyz = −
3P
2π
yz2
ρ5
»Y{ 2{½
y 
r2 = x2 + y2
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σr =
P
2π
[
(1 − 2ν)
(
1
r2
− z
ρr2
)
− 3zr
2
ρ5
] »Y{{¼D½
σθ = −
P
2π
(1 − 2ν)
(
1
r2
− z
ρr2
− z
ρ3
) »Y{GD½
σz = −
3P
2π
z3
ρ5
»Y 2D½
τrz = −
3P
2π
rz2
ρ5
»Y 2Hµ½
´ep3y{^mut`pDmcl`8£=_=¿L_¡`8_p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jH£tpJlsutwvDq^`Lk
ur =
P
4πG
[
rz
ρ3
− (1 − 2ν)ρ− z
ρr
] »Y 2P½
uz =
P
4πG
[
z2
ρ3
+
2(1 − ν)
ρ
]
,
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ūr =
1 − 2ν
4πG
P
r
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ūz =
1 − ν
2πG
P
r
»Y 2P½
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`LpDmusor`{²
`L££`Lkkuy{pDm¥¡£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pDmok
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B(x, y)
l`e£kuq^suªÇ{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m
£`Lk
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yPpPmoso{tpDmo`LkR`Lpq^p~Sy{tpPm 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A(x, y, z)
^q_=Pkukutªn²~JyPq^s-l`QkR~^so`Lkokty{pJkRl`}yPpPm{mOsurL~sumut`Lk
p(x, y)
¦{xy{qs-`L£²y{p=`l~^sot_=`£w
~su`QkukutyPp`p=yHyPsolyPp^p^rL`Lk¨jH£tp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p(s, φ)
µ¢{`QO~Sy{q^syPsut{tp^` £` ~JyPtpDm
B
l`-mo`££` ªÇ  y{p¡vDq^`
£w
~su`QkukutyPpvDq^t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pDm
dsdφ
l`}kuq^suªÇ{` `Lp
C
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`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pDmusor`
ps dsdφ
¦^§6`8lr~£P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_=`LpPmlq~JyPtpDm
B
~S`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¿muso`erQsot­m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£`LkovDq^`££`Lk
r = BC = s
¦J§¨`lr~^£w{`_=`pDmc`LpÈ| lq`9¥¡muyPqlmu`£w=~^so`Lkokty{p,sor~{smot`#kuq^sc£wkuq^sªÇP`
h`Qknm}lyPp   
ūz =
1 − ν2
πE
∫
S
p(s, φ) dsdφ
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p
A
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p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m
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p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pDm
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p{£jDmutwvDq^`Lk-kt_=~^£`QkR~Sy{q^s
£`Lk~su`QkukutyPpk p^y{so_£`LkL²
p(s, φ)
²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pDmL²
S
¦
 M9$, ' 6 QÃ0®Ã0ÇÂ /  0* 6*HL0ÇÂ /  / Â/ Æ *H DO 0Ç!+6DÃ0;*H
§¨`¡~suyP^£]L_=`¡« q^p^`¡~^so`Lkokty{p"~^~£twvDq^r`=kqsqp^`kq^suªÇ{`tsq^£wtso`l`=sµj{y{p
a
6« q^pÀl`L_¡t¤
`Qk~J{`_{kokut­ªS~J`Lqlm-¿mosu`sorLkuy{£q{p£jDmutwvDq^`_=`pDmO~Sy{q^sO^`LkR~^so`LkokutyPpkltkujH_=rmusotwvPq`LkRl`£weª®y{so_¡`
kuq^t¢pDmu`
p = p0
(
1 − r
2
a2
)n »Y 22{½
et­Wrso`pDmk}Pk~sumutwq^£t`sk ku`#ltwknmotp^Pq^`pDmc^{pk£`\^y{tl`8£A« `H~SyPkopDm
n

• n = 0 ²^tkmusotqlmuty{p,l`#~^so`Lkokty{pq^p^tª®y{so_=`{²
• n = −1/2 ²Oltkmusot^qlmuty{p l`È~su`QkukutyPp vDq^tey{soso`Lku~JyPp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mL²
• n = 1/2 ²^ltwknmosut^qlmotyPp3l`#~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kOso{~^~J`L£­¤
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L{k
n = 0
²
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{k
n = −1/2 vDq^t~J`Lqlm#¿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pJ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£]L_¡`Qk« tp^`pDmomuty{p3~s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yPpkutlrLsuyPpk=¥"p^y{q^¢P`L{q£wÀkyP£qlmotyPp ^q
~suyP^£]L_=`« q^p^`_=t­¤Z`Lku~P`\Jso{r~{sq^p`~^so`LkokutyPp³surL~sumut`
p
kq^s¡q^pr£r_=`pDml`3kuq^suªÇ{`
s dsdφ

ūz =
1 − ν2
πE
∫
S
p(s, φ) dsdφ
»A=2¼P½
xy{qsyPlmu`Lp^ts3£`"lrL~^£w{`L_=`pDm`Lp q^p ~Sy{tpDm
B(r, 0)
l`©£kqsªÇP`©tsq£{tso`{²
t£#yPpH¢Dt`pDm
6« tpDmurPsu`Ls#£0~^su`Qkukuty{pÀkq^s9muyPqlmu`£wÈkuq^sªÇP`l`\so{`L_¡`LpDmL¦±
`mumu`tpDmurL{smotyPp©`Qknm9t££qkmusor`¥
£w¯{qsu` G¦%¯pl`=sorL{£twk`Ls#`{£q^£Y²¨y{p"tpDmusoyllq^tm#q^pÀ~s_=rmoso{{`¡{lrQvPqJml`£w3kuq^suªÇ{`
rL£rL_=`pDmo{tso`ktmuqr``Lp
C(s, φ)
¦W§6`soµjPy{p
OC
²Sl`p^y{so_=`
t
`Lkmcso`£tr9{qlÈqlmosu`Qk¢sot{^£`Qk}l`£w
_{p^t]Lsu`#kuq^t¢µ{pDmu`
t2 = r2 + s2 + 2rs cos(φ)
»A=2 GP½
§¨`#~^su`Qkukuty{p{q~Sy{tpDm
C
~S`q^mc£y{sk
¿muso`#`l~^sot_=rL`8^`£w¡_p^t]so`#kq^t¢pDmu`
p(s, φ) =
p0
a
(α2 − 2βs− s2) 12 »Y{¼{D½
y 
α2 = a2 − r2, β = r cos(φ). »Y¼Q½
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a
C(s, φ)
B(r, 0)
t s
rO
s1
s2
θ φ
φ1
−φ1
λ
a
C(s, φ)
B(r, 0)
t
s
r O
s1
s2
θ
φφ1
−φ1
λ
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§¨`lr~^£w{`_=`pDm
ūz
¢µ{qlmclyPp	
ūz =
1 − ν2
πE
p0
a
∫ 2π
0
dφ
∫ s1
0
(α2 − 2βs− s2) 12 ds »Y{¼P{½
y 
s1
`Qknm£w=soPtp^`e~SyPkutmut¢{`#l`
α2 − 2βs− s2 = 0 »Y{¼ ) ½§-« tpDmurPso{£``p
s
~J`Lqlmck« `l~^sot_¡`Lsl`#£¡_pt]Lsu`#kuq^t¢{pPmo`
∫ s1
0
(α2 − 2βs− s2) 12 ds = 1
2
αβ +
1
2
(α2 + β2)
[
π
2
− tan−1(β
α
)
] »Y{¼H½
§¨`Lk mo`so_¡`Qk
βα
`m
tan−1(
β
α
)
k« p^pHq^£wpDm£y{sk ^`#£Y« tpDmor{smotyPpkuq^s
φ
²^t£6su`Qknmo`
ūz(r) =
1 − ν2
πE
p0
a
∫ 2π
0
π
4
(a2 − r2 + r2 cos2 φ) 12 dφ
=
1 − ν2
πE
πp0
4a
(2a2 − r2), r ≤ a »Y¼D{½
¾Op3`8vDq^tSy{p`sop^`c£`e^r~^£w{`_=`pDm-mp^P`pDmL²Dy{pku{t­mvPq`e£w9kujH_¡rmusot`l`csor¢Py{£qlmuty{pt_=~JyDk`
vDq^`¡£`¡lrL~^£w{`L_=`pDmemp^P`pDm#kyPt­msoPlt{£Y¦S¾Op"qlmut£tkopDm8£Y« rLvDqmuty{p»A=2D½²S£`=^r~^£w{`_=`pDme`Lp
B^q^`¥¡q^p^`#~^so`Lkokty{p
p
kq^s£wkuq^sªÇP`r£r_=`pDmtsu`
dsdφ
`p
C
¢µ{qlm
(1 − 2ν)(1 + ν)
2πE
p dsdφ
»Y¼PP½
kuy{tm`p,p^`#yPpku`so¢µ{pDmvDq^`#£w¡~sumut`8soPlt{£``m}`Lp3mu`pJpDm}y{_=~lmo`lqÈkt{p`
− (1 − 2ν)(1 + ν)
2πE
p cosφ dsdφ
»A¼>2½
¾Op0{~^~^£tvDq{pDm_{tpDmu`LppDm£w~su`QkukutyPpmoymo{£`P²ly{p,y{^mut`pDm
ūr(r) =
(1 − 2ν)(1 + ν)
2πE
p0
a
∫ 2π
0
cosφ dφ
∫ s1
0
(α2 − 2βs− s2) 12 ds »Y{¼{¼P½
¾OpÈtpDmurL{spDm^`#£¡_=¿_=`#_p^t]so`8vPq`#~^surQrQl`_=_=`pDmy{p3y{lmot`LpDm
ūr(r) = −
(1 − 2ν)(1 + ν)
3E
a2
r
p0
[
1 − (1 − r
2
a2
)
3
2
]
, r ≤ a »Y{¼GP½
hHt£A« yPp©y{pkut^]so`9q^p©~JyPtpDm
B
¥'£Y« `HmurLsut`qsl`¡£w'kuq^sªÇP`¡\so{rL`{²yPp yPlmut`pDm^`£w'_=¿L_¡`
_{p^t]Lsu`
ūz(r) =
1 − ν2
E
p0
2a
[
(2a2 − r2) sin−1(a
r
) + r2
a
r
(1 − a
2
r2
)
1
2
]
, r ≥ a »YG{P½
ūr(r) = −
(1 − 2ν)(1 + ν)
3E
a2
r
p0, r ≥ a
»YG^Q½
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yPpPmoso{tpDmo`Lk}¥£wkuq^sªÇP`~S`q¢{`pDm}ªÇPt£`L_=`pDmc¿mosu`
^rLlq^tmu`Qk `p,£wq£{pPm £`Qklrª®yPsu_motyPpk ¥9~{smotsl`Qklr~^£w{`_=`pDmk ¥9£¡kuq^sªÇP`8ly{pp^rLk ~{s
£`Lk
rQvDqmotyPpk8»Y¼D{½A¤»Y{¼GD½-`m9»YG{P½Z¤»A G^µ½¦J´ep,y{lmot`LpDm~Sy{qsq^p,~JyPtpDmcl`#£w=kq^suªÇ{`#\so{rL`
σ̄r
p0
=
1 − 2ν
3
a2
r2
(
1 −
(
1 − r
2
a2
)3/2
)
− (1 − r
2
a2
)1/2
»YGPP½
σ̄θ
p0
= −1− 2ν
3
a2
r2
(
1 −
(
1 − r
2
a2
)3/2
)
− 2ν(1 − r
2
a2
)1/2
»YG ) ½
σ̄z
p0
= −
(
1 − r
2
a2
)1/2 »YGH½
`m}~JyPq^sq^p,~Sy{tpPm}¥=£A« `Hmursot`q^sl`#£w=kq^suªÇ{`#\so{rL`
σ̄r
p0
=
σ̄θ
p0
= (1 − 2ν) a
2
3r2
»YGPP½
§¡y{pDmustpDmu`esoPlt{£`e`Lkm}ly{peq^p^`#y{pDmustpDmu`8l`mus{motyPp`p,l`L\^y{sklq3`s£`vDq^t6mmo`tpPm
ko¡¢£`q^s_lt_9q^_1q3soµjPy{p
r = a
¦
§¨`LkOy{pDmustpDmu`LkRpkmoy{qlm-£`}l`L_¡t¤Z`Lku~{` ~S`q¢{`pDmO¿muso`musoy{q^¢Pr`Lk`Lp=tpDmurL{spDmR£`QkRrLvDqmuty{pk
»AP¼P½A¤»Y 2HQ½¡l`È£w"_=¿_=`È_p^t]so`ÈvPq`È~JyPq^s£`LklrL~^£P`L_¡`LpDmokL¦-cyPp^p^yPpkkt_=~^£`_=`pDmtwt}£`Lk
y{pDmustpDmu`Qk
£`8£yPp^l`#£A« H`
z
²^vDq^tp^y{qJk}k`LsuyPpDm qlmot£`Lk}~JyPq^sr¢£q^`Ls£`Qksot­mo]so`Lkl`8~^£w{kmutwtmur
σr
p0
=
σθ
p0
= −(1 + ν)
(
1 − z
a
tan−1(
a
z
)
)
+
1
2
(
1 +
z2
a2
)−1 »YG{D½
σz
p0
= −
(
1 +
z2
a2
)−1 »YG 2{½
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 % #
¾Op y{pkut^rspDm¡vDq^`,£`,`s£`,`Lkm=qp L{k¡~sumutwq£t`s« `££t~ku`{²RyPp~S`qlm'y{pkutwlrso`s=l`,£
_=¿L_¡`#_{p^t]Lsu`q^p^`8ª®yPsu_=`8{rLp^rsotwvPq`~Sy{qs£¡~^so`Lkokty{p3kyPqk£w9ª®yPsu_=`#kuq^t¢{pPmo`
p(x, y) = p0
(
1 −
(x
a
)2
−
(y
b
)2
)n »YG{¼D½
{~^~^£tvDq^rL`#kq^sqp^`kqsªÇP``££t~lmutwvDq^`l`#£wª®y{so_¡`#kuq^t¢µ{pDmu`
(x
a
)2
+
(y
b
)2
− 1 = 0 »Y G=GP½
§=_¡¿L_=`lr_s\^``Lkmc~^~£twvDq^r`vDq^`8~^sorLrLl`L_¡_=`LpPm}~Sy{qs£`#~Symo`pDmut`£¨^rLlq^tmel`#£A« rLvDq¤
motyPp"»A ) GP½ 
ψ(x, y) =
∫
S
p0
(
1 −
(x
a
)2
−
(y
b
)2
)n
ρ−1 dξdη
»Ç{PP½
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µ¢P`L
ρ = [(ξ − x)2 + (η − y)2 + z2] 12 »ÇP^µ½
§¨`lr~^£w{`_=`pDmp^yPsu_£6¥¡£w=kq^suªÇ{`#\so{rL`c`LkmclyPp^p^r8~s£A« rLvDqmotyPp"»A{D½ kyPt­m
ūz =
1 − ν
2πG
[ψ]z=0
»ÇPPP½
§¡kuy{£qlmotyPpPrp^rLso{£`8l`#£A« tpDmurPso{£`=»ÇP{D½-~S`q^m}¿muso`#rLsutm}kyPqk£w9ª®yPsu_=`#kuq^t¢{pPmo`
ψ(x, y, z) =
Γ(n+ 1)Γ(
1
2
)
Γ(n+
3
2
)
p0ab
∫
∞
λ1
(
1 − x
2
a2 + w
− y
2
b2 + w
− z
2
w
)n+ 12 dw
(
(a2 + w)(b2 + w)w
)
1
2
»ÇP ) ½
y 
Γ
lrLkutPp^`q^p^`ª®yPpmotyPp=P_=_`m
λ1
`QknmO£w8soPtp^`~JyDktmut¢{`}^`£Y« rLvDqmuty{pq^tvDq^`}kuq^t¢µ{pDmu`
1 − x
2
a2 + λ
− y
2
b2 + λ
− z
2
λ
= 0
»ÇPD½
±
`8~{so{_¡]muso`
λ1
~J`Lqlm¿muso`tpDmu`Lsu~surmur{ryP_=rmusotwvPq`_=`pDm y{_=_=`e£`~s_=]mosu`« q^p^`8`££t~l¤
kuy Zl`l`_=¿_=`ª®yl{£`vDq^`£w#kqsªÇP``££t~lmotvDq^``m-vPqt^~{koku` ~JsR£`~JyPtpDm
(x, y, z)
¦xyPq^sRmusoy{q¢{`s
£w¡¢£`q^s}l`
Ψ
kqs£=kuq^sªÇP`P²l£Y« tpDmor{s£`8ly{tmc£y{sk ¿muso`8`l~^sot_=rL`~Sy{qs
λ1 = 0
¦
  ?, 
$0 K / 0=6Æ Å*H * / Ã¡ / 0	ZÂ/ *  
n = −1
2
§¨`#~Jy{mu`pDmot`L£
Ψ
¢q^m}~JyPq^s
n = −1
2

ψ(x, y, z) = πp0ab
∫
∞
λ1
dw
(
(a2 + w)(b2 + w)w
)
1
2
»ÇPPP½
kuy{tm}kqs£=kuq^sªÇP`8`p
z = 0

ψ(x, y, 0) = πp0ab
∫
∞
0
dw
(
(a2 + w)(b2 + w)w
)
1
2
»ÇP{D½
§-« tpDmurPso{£`3vDq^t}ly{tm¿mosu`3`Lkmut_=r`,`Lkmtp^r~S`p^{pDmu`Èl`
x
`m
y
¦-hl©¢£`q^s=`Qknmku`q^£`_=`pDm
ª®yPpmotyPp l`È£Y« `^`pDmusott­mor0l`0£A« `L££t~k`
e = (1 − (b/a)2) 12 ¦-¾Op `S`QmoqpDm£` \p{`_=`LpPml`¢{sutw^£`kuq^t¢{pPm
w = b2.t2
²
dw/w
1
2 = 2bdt
²£Y« tpPmorPso{£`~S`q^m¿mosu`surL`l~^sot_=rL`l`'£w,ªÇ  y{p
kuq^t¢pDmu`
∫
∞
0
dw
(
(a2 + w)(b2 + w)w
)
1
2
=
2
a
∫
∞
0
dw
(
(1 + k2t2)(1 + t2)
)
1
2
»ÇP 2{½
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µ¢P`L
k = b/a
£`¡so{~^~JyPsml`Lkl`_=t¤Zl`LkL¦J¾Op©`W`Lmuq{pPmq^p py{q^¢P`Lq0\Jp^P`_=`pDmel`¡¢sot{^£`{²
t = tanφ
kuy{tm
dt = dφ/ cos2 φ
²P£w9ku`Ly{p^`}tpDmor{s£`}~S`qlmkL« `H~sut_=`s-`Lpª®y{pJmuty{pl`c£A« tpDmurL{s£`
`L££t~lmutwvDq^`yP_¡~£]mu`#lq,~^so`_=t`Lsy{slso`
∫
∞
0
dw
(
(1 + k2t2)(1 + t2)
)
1
2
=
∫ π/2
0
dφ
√
1 − (1 − k2) sin2 φ
=
∫ π/2
0
dφ
√
1 − e2 sin2 φ
= K(e)
»ÇP{¼D½
§¨`lr~^£w{`_=`pDm{rLp^rsor8¥=£=kuq^sªÇP`8`Lkm}ly{pJ^rLlq^tmcPsP`8¥£A« rLvDqmotyPp"»Y{D{½ 
ūz =
1 − ν2
E
2p0bK(e)
»ÇPGP½
  ? 3 
$0*ÈÆ  6*DQ0ÇÂ / 0* B*,µÃAC  
n =
1
2
   6Æ ^Å*H * / Ã I Æ ©Q  ^Å * 0 0*D 0ÏÄ.*HA6Å* e{pk}`{k£`#~Symu`LpDmut`£¨kL« `l~^sut_=`#kyPqk£
ª®yPsu_=`#kuq^t¢{pPmo`
ψ(x, y, z) =
1
2
πp0ab
∫
∞
λ1
(
1 − x
2
a2 + w
− y
2
b2 + w
− z
2
w
)
dw
(
(a2 + w)(b2 + w)w
)
1
2
»ÇLD½
`m}~JyPq^sq^p,~Sy{tpPm}l`#£w=kqsªÇP`
ψ(x, y, 0) =
1
2
πp0ab
∫
∞
0
(
1 − x
2
a2 + w
− y
2
b2 + w
)
dw
(
(a2 + w)(b2 + w)w
)
1
2
»Ç{µ½
§¨`lr~^£w{`_=`pDm}¥¡£=kuq^suªÇ{`8~S`qlmc^y{p8¿muso`rQsot­m}kuy{qk£wª®y{so_=`8kuq^t¢pDmu`
ūz =
1 − ν2
πE
(L−Mx2 −Ny2) »ÇQP½
µ¢P`L
M =
πp0ab
2
∫
∞
0
dw
(
(a2 + w)3(b2 + w)w
)
1
2
=
πp0b
e2a2
(K(e) − E(e)) »Y^ ) ½
N =
πp0ab
2
∫
∞
0
dw
(
(a2 + w)(b2 + w)3w
)
1
2
=
πp0b
e2a2
(
a2
b2
E(e) − K(e)
) »ÇH½
L =
πp0ab
2
∫
∞
0
dw
(
(a2 + w)(b2 + w)w
)
1
2
= πp0bK(e)
»ÇQ{½
§-« tpDmurPso{£`
E(e)
`Lkm £A« tpDmurL{s£`c`L££t~^mutwvPq`y{_=~^£]mu`8lq,k`QyPpy{slso`elr¯p^t`^`e£w9_{p^t]Lsu`
kuq^t¢pDmu`
E(e) =
∫ π/2
0
√
1 − e2 sin2 φ dφ »ÇLP½
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Å* [suyPq^¢{`LsR£`Qk-yPpDmustpPmo`LkR^{pkO£`}l`L_¡t¤Z`Lku~{`p6« `Qknm ~{k
qp^` \yPku`RªÇ{t£`{¦µ[¨yPqlmR« {JyPso6²Lt£DªÇqlm¿muso` `p_=`Lkuq^so`
l`lrmu`so_=tp`s
λ1
vDq^tH`Lkmq^p^` s{tp^`-6« q^p
~Sy{£jHp {_=`« y{slso`
3
¦c`c~^£qJk²~Sy{qsO`sumo{tp`LkRyP_=~JyDku{pPmo`Lkl`£w#yPpPmoso{tpDmo`{²µt£^ªÇqlm-lrmu`Lsu_=tp^`s
£`8~Jy{mu`LpPmot`L£
Ψ1 =
∫
∞
z
Ψ dz
¦
±
`Qklt­¬q^£­morLkkuy{pDm_=y{tplso`Lkkt£A« y{p,\^`s\^`£`Qky{pDmoso{tpDmu`Qk
kuq^s£A« l`
z
¦l¾Op3`W`mL²
λ1 = z
2`me£A« tpDmurL{smuty{p0^`
Ψ
~{scs~^~Sy{sume¥
z
`Lkme~^£qkkt_=~^£`P¦Wh^pkly{pp^`se£`Qkelrmo{t£wkeL£wq^£wmoy{tsu`Qk²
yPpyPlmut`pDmckuq^s£A« H`
z
£`Lky{pDmustpDmu`Lkkuq^t¢µ{pDmu`Lk
σx
p0
=
2b
e2a
(Ωx + νΩ
′
x)
»Ç 2{½
σy
p0
=
2b
e2a
(Ωy + νΩ
′
y)
»ÇL¼D½
σz
p0
= − b
e2a
1 − T 2
T
»ÇAGD½
µ¢P`L
Ωx =
1
2
(1 − T ) + ζ(F (φ, e) − E(φ, e)) »ÇDD½
Ω′x = 1 −
a2T
b2
+ ζ(
a2
b2
E(φ, e) − F (φ, e)) »YP^Q½
Ωy =
1
2
+
1
2T
− Ta
2
b2
+ ζ(
a2
b2
E(φ, e) − F (φ, e)) »YPP{½
Ω′y = −1 + T + ζ(F (φ, e) − E(φ, e))
»ÇD ) ½
T =
(
b2 + z2
a2 + z2
)
1
2
, ζ =
z
a
= cotφ
»ÇPD½
§¨`Lk¢{£`Lq^sok9l`Lk9tpDmurL{s£`Lk8`L££t~^mutwvPq`Lk
F (φ, e)
`m
E(φ, e)
kyPpPm9moq^£rL`Lk#`m`Lp\^y{twktwkoku{pPm
`sumo{tp^`Qk#l`=£`Lq^sk#¢£`q^sk8~sumutwq£t]so`LkL²Wt£O`Qknm~SyPkokut^£`l`lyPp^p^`s^`Lk#`H~su`QkukutyPpk`l~^£tt­mo`Lk
^`LkyPpPmoso{tpDmo`LkO~Sy{qs^`Lk ~JyPtpDmk
~surQtwk¦´ep's~~J`L££`etwtW£w^r¯p^tmuty{p3l`Lk tpDmurPso{£`Qk-`L££t~lmutwvDq^`Lk
^`~su`L_¡t`s`mcl`ku`LyPpy{slsu`
F (φ, e) =
∫ φ
0
dφ
√
1 − e2 sin2 φ
»ÇD{P½
E(φ, e) =
∫ φ
0
√
1 − e2 sin2 φ dφ »ÇDP½
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hltt£`Qknm~SyPkokt^£`l`#y{pkut^rso`svDq^`e£`#Pk 6« q^p`#~^su`Qkukuty{p'{~^~^£tvDq^rL`8kuq^sq^p^`8{pl`#l`8£wso{`qs
^y{p^p^rL` yP_=_¡` q^p PklrL{rprsor « q^p^` kuq^suªÇ{` `££t~lmutwvDq^`©µ¢P`L,q^p ^`_=t­¤Zsµj{y{p tpl¯p^tA²
py{qk
¢P`sosuyPpk6^{pk£Y« p^p`l`
|³vDq6« t£D`LkmJ`Qqy{q^~~£qkªÇPt£` « `LpH¢Dtwko{`Ls6£`
~^soy{£]L_¡`
^twlt_=`Lpkty{pp^`£
`Lp3y{pDmustpDmu`Qk
~£{p^`LkyPq3`Lp3^rª®y{so_motyPpk~^£wp^`Qk¦
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<    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     ,(	 #"1
 '/% .,    #
pk=`mmo`~Jsumut`{²p^y{qk¡££y{pk¡yPpktwlrLsu`Ls9£`~^soy{£]L_¡`3vDq{kut­¤°kmomotvDq^`« qpl`L_¡t¤Z`Lku~{`
\Jso{r#l`#ªÇ  y{p,q^ptlt_=`pkuty{p^p^`L££`9kuq^t¢µ{pDmcq^p^`Jpl`l`#£{suP`q^s
a+ b
¦§¨`9l`_=t¤A`Qk~J{`P²vDq^t
twt
k`Lso¢HqÀy{_=_=`q^p³l`_=t¤A~£{p6²`Lkm9kq~^~JyDkr=rL£PknmotvDq^`\^yP_=y{{]Lp^`{¦§Èkq^suªÇ{`¡vDq^t
lr£t_=tmu`
£`9~£{p k`Lso_9q^p^t`6« q^p su`L~J]Lsu`
(x, y)
`m8£'ltso`Lmuty{p
z
ª®y{so_pDmcq^p^`¡so`~S]so`y{sumu\^yPp^y{so_=rk`Lso
^tsotPr`O^{pk6£`
^`_=t­¤Z`Lku~P`Okuy{£tl`P¦µ´epy{pkut^rso`s vDq^`-£Y« l`O_=yj{`Lpl`O£w{pl`-l` \so{`L_=`pDm
`QknmyPsut`pDmur#kuq^t¢µ{pDm
y
¦
§-« \HjH~Jy{mu\^]Qk`3l`Lk¡lrª®y{so_=muty{pk9~^£wp^`Qkku`s,ªÇtmu`P¦erLk¡£y{sk²y{p kuq^~^~SyPku`vDq^`£ pJl`l`
\Jso{`_=`LpPm`Lkm}l`#£y{p^Pq^`q^stpl¯p^t`{¦
x
z
b a
q(x)
p(x)
O
σx
σz
τxz
σθ
σr
τrθ
θ
r
  )   
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bcp^`#y{q~J`8lq^`_=t­¤Z`Lku~P`c`Qknmt££qkmusor`8¥£w¯Pq^so` ) ¦D§¨`\Jso{`_=`LpPm `Lkmy{pkmutmuqr« q^p^`
~su`QkukutyPp8surL~sumut`p^yPsu_{£`
p(x)
`m« q^p^`
~^so`Lkokty{p8mp^P`pDmu`
q(x)
¦µ§6`
~^soy{^£]_=`-y{pkutkmu`O¥}musoy{q^¢P`s
£`Lk¡lrL~^£P`L_¡`LpDmok
(ux, uz)
²`p~sumutwq^£t`s¡`m=£`Qk¡y{pDmustpDmu`Qk
σx, σz , τxz
pk£`,l`L_¡t¤Z`Lku~{`
rL£PknmotvDq^`P¦
bcp^`©mmu`LpDmuty{p ~{smotq^£t]Lsu`0ku`s{LyPsolrL`0q lrL~^£w{`L_=`pDmp^yPsu_{£el`0£w kuq^suªÇ{`
\Jso{r`P²
ūz
¦
acy{qk=p^`0^y{p^p^`LsuyPpk¡tt}vDq^`,£`Qk~^sotpt~J£`Lk¡rm~S`Lkl`È£w"surQkyP£qlmotyPpl`È`3~suyP^£]L_=`{¦O§6`
£`Lmu`Lq^stpDmurLsu`Qkukur~s~^£qkl`#lrmot£wk~JyPq^sus¡k`su`L~JyPsmo`s¥¡l`LkyPq^¢Hso{{`Lk £w{kokutvDq^`Qk
« r£w{kmutwtmur
y{_=_=`8~s`H`L_=~^£`»   	6·      $Ï·¸²AGP^     ·W²AGD{        R²SG{P¼P½¦
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	 	! 
     % 1
 '% .,    #  	 	5, 
¾-sut¢{yPpkmoy{qlm« Sy{s8£`Qk6rLvDqmuty{pk« rLvDq^t£t^so`
kuq^s¨£`Lky{pDmoso{tpDmu`Qk
(σx, σz , τxz)
vDq^tHly{t¢{`LpDm
¿muso`8¢{rsot¯r`Qk
`Lp3muy{q^m}~JyPtpDm}lqÈl`_=t¤A`Qk~J{`
∂σx
∂x
+
∂τxz
∂z
= 0
»ÇD=2½
∂σz
∂z
+
∂τxz
∂x
= 0
»ÇD¼P½
§¨`Lk¨^rª®y{so_motyPpk6yPsuso`Lku~Sy{p^{pDmu`LkL²
(εx, εz, γxz)
ly{t¢{`LpPm6¢Prsot­¯J`s£A« rQvPqJmuty{p^`-yP_¡~Jmut^t£tmur
kuq^t¢pDmu`
∂2εx
∂z2
+
∂2εz
∂x2
=
∂2γxz
∂x∂z
»ÇD GD½
y £`Lk^rª®y{so_motyPpkly{pDmso`£trL`Lkq,lrL~^£P`L_¡`LpDm^`#£¡_p^t]so`#kqt¢pDmo`
εx =
∂ux
∂x
, εz =
∂uz
∂z
, γxz =
∂ux
∂z
+
∂uz
∂x
»Ç ) D½
hHyPqk£A« \HjH~Jy{mu\^]Qk`^`Lklrª®y{so_=muty{pk ~^£wp`LkL²
εy = 0
»Ç ) Q½
σy = ν(σx + σz)
»Ç ) P½
£`#yP_¡~Sy{sumu`L_=`pDmr£w{kmutwvPq`£tp^rL{tso`#lqÈl`_=t¤A~^£wp3~S`qlmekL« rLsotsu`
εx =
1
E
[
(1 − ν2)σx − ν(1 + ν)σz
] »Ç )) ½
εz =
1
E
[
(1 − ν2)σz − ν(1 + ν)σx
] »Ç ) H½
γxz =
1
G
τxz =
2(1 + ν)
E
τxz
»Ç ) P½
er¯ptkokyPpk_tpDmu`pJpDmq^p^`8ª®y{pJmuty{p
φ(x, z)
mu`££`vPq`
σx =
∂2φ
∂z2
, σz =
∂φ
∂x
, τxz =
∂2φ
∂x∂z
»Ç ) D½
´ep3~S`qlmc{£yPsok so`_svDq^`svDq^`#kt
φ
`Lkm}q^p^`ª®yPpmotyPp3t\{su_=yPp^tvDq^`P²^« `Lkm}¥¡^tso`
[
∂
∂x
+
∂
∂z
] [
∂φ
∂x
+
∂φ
∂z
]
= 0
»Ç ) 2½
{£yPsok£`LkcrLvDqmuty{pk« rLvDq^t£t^so`'»YP=2{½²J^`9yP_¡~Jmut^t£tmur»ÇPGP½ `mel`yP_=~JyPsmo`_=`pDm»Y )) ½kyPpDm
¢Prsot­¯Jr`LkL¦
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e`~^£qk²t£OyPpH¢Dt`pDm#vDq^`=£`Qk#y{pJlt­motyPpk8ql©£t_=t­mo`Lk8`pÀyPpDmustpPmo`Lk8kuy{t`pDm¢Prsot­¯Jr`Lk8kuq^s8£
kuq^suªÇ{`e£t_=tmu`P²Jkuy{tm  
σ̄z = τ̄xz = 0, x < −b, x > a
»Y ) ¼P½
σ̄z = −p(x)
»Ç ) GP½
τ̄xz = −q(x)
»ÇDP½
¾Op^¯p6²£wekuy{£qlmotyPp9`p¡yPpPmoso{tpDmo`
lyPt­mRso`Lku~J`Qmu`Ls£`Lky{pltmuty{pJk¥e£A« tpl¯p^t^pk£`^`_=t­¤Z`Lku~P`{²
kuy{tm
(x, z) → 0 =⇒ (σx, σz , τxz) → 0
¦
}¯pl`esu`ª®y{so_9q^£`s-£`e~^suyP^£]_=`}`pyHy{sly{pp^r`QkOjH£tp^sutwvDq^`LkL²{yPp'yPpktwl]Lsu`_tpDmu`LppDm
qp
ª®yPpmotyPpt\{su_=yPp^tvDq^`
φ(r, θ)

[
∂2
∂r2
+
1
r
∂
∂r
+
1
r
2 ∂2
∂θ2
][
∂2φ
∂r2
+
1
r
∂φ
∂r
+
1
r
2 ∂2φ
∂θ2
]
= 0
»Ç{Q½
y 
σr =
1
r
∂φ
∂r
+
1
r
2 ∂2φ
∂θ22
»Ç{DP½
σθ =
∂2φ
∂r2
»Ç{ ) ½
τrθ = −
∂
∂r
(
1
r
∂φ
∂θ
) »Ç{{H½
§¨`Lklrª®y{so_muty{pJk kuy{pDmso`£trL`Lkq^lr~£P`_=`LpPmk
εr =
∂ur
∂r
»Ç{DP½
εθ =
ur
r
+
1
r
∂uθ
∂θ
»Ç{PD½
γrθ =
1
r
∂ur
∂θ
+
∂uθ
∂r
− uθ
r
»Ç{>2{½
    ,3)+#*,   #*)+)+#"1,(	5#
±
yPpktwlrLsuyPpk6^{pk¨`mmo`-~{smot`P²£`-~^soy{£]L_¡`
« qp^`Oª®yPso`-yPp`LpPmosurL`
P
~sq^p^tmur
^`-£y{p^Pq^`q^s
{~^~^£tvDq^rL`c`Lp
O
¦±
`mmo`}ª®yPso`c~S`qlmsu`L~^sorLku`pDmu`LsO£`esurQkq£­mm 6« q^p3\so{`L_=`pDmO~s q^p'y{tp'kuq^s
qp
^`_=t­¤Z`Lku~P`=r£w{kmutwvDq^`{¦±
`'~^suyP^£]_=``Lkm9kyPq^¢{`LpDm9lrLkutPp^ryP_=_¡`£`~^soy{£]L_¡`^`     ¹
»L¼=GP{½¦
§3kuy{£qlmotyPp©l``=~^soy{£]L_¡`¡`Lkmly{pp^r`=`pÀ\^yPtkutkokopDmy{_=_=`ª®yPpmotyPp ^t\{su_=y{ptvDq^`¡£
ª®yPsu_=`#kuq^t¢{pPmo`
φ(r, θ) = Arθ sin θ
»YP¼D½
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§¨`LkyPpDmustpPmo`LkkL« rQsot¢P`pDm}ly{p
σr = 2A
cos θ
r
»Ç{=GD½
σθ = τrθ = 0
»ÇDP½
´ep"~S`qlmso`_svDq^`s8vDq^`=£,y{pDmustpDmu`¡soPlt{£`=lrQsoy wm8`Lp
1/r
¥3£A« tpl¯p^tA²6`m#vDq^`=£w,y{pDmoso{tpDmu`
`Qknmmo\^ryPsutwvDq^`_=`pDmtpl¯p^t`q,~Sy{tpPm}« ~~^£twmuty{p,l`#£w¡\Jso{`{¦
§'yPpkmopDmo`
A
`Lkmcmusoy{q¢{r`Qknm8rLsut¢pDmevDq^`¡£\so{`#`Qknm8`p0rQvDq^t£t^su`¡µ¢{`Q#£yPpPmoso{tpDmo`
s{^t{£`8Ptkoku{pDmkuq^sq^pÈl`L_¡t`s£`8l`#soµjPy{p
r
²JkyPt­mQ²
−P =
∫ π
2
−
π
2
σr cos θ rdθ =
∫ π
2
0
2A cos2 θ dθ = Aπ
»ÇP^Q½
´ep,y{^mut`pDm}ly{p8~Sy{qs£=yPpDmustpPmo`es{^t{£`
σr = −
2P
π
cos θ
r
»ÇD{P½
´ep©~J`Lqlmso`_svDq^`svPq`
σr
'q^p`={_=~^£tmuqJl`y{pJknmpDmu`rP{£`=¥ −2P/πd ²Wkuq^smuyPqlm`Lso£`=l`^t{_¡]muso`
d
~{kokopDm `Lp
O
¦Jcq3ªÇtmcvDq^`
τrθ = 0
²
σr
`m
σθ
kuy{pDm£`Qk}yPpDmustpPmo`Lk ~^sotpJt~£`LkL¦
±
`mmu`kuy{£qlmotyPp ~Sy{q^s8q^p^`¡ª®yPso`¡y{p`pDmusor`ª®y{q^sop^tm#q^p^`kyP£q^muty{p rL£rL_=`pDmo{tso`¡{q©~suyP^£]L_=`
6« q^p`~su`QkukutyPp'ltwknmosut^q^rL`{¦ ¯Jp3l`8£A« q^mut£twk`Ls^pk £wkuq^tmu`8~Sy{q^sp6« t_=~Sy{sumu`#vDq^`£SmnjH~S`8^`ltwkmusot­¤
qlmuty{pÈl`8~^so`Lkokty{p¨²lp^y{qkso`ª®yPsu_q^£y{pk twt6`#sorLkuq^£mom`Lp3yHy{sly{p^pr`LkLsumurLkut`p^p^`Qk5
σx = σr sin
2 θ = −2P
π
x2z
(x2 + z2)2
»ÇD ) ½
σz = σr cos
2 θ = −2P
π
z3
(x2 + z2)2
»ÇDH½
τxz = σr sin θ cos θ = −
2P
π
xz2
(x2 + z2)2
»ÇD{P½
}¯p¡^`y{p^pJwmuso`-£`Lklr~£P`_=`LpPmk^pk£` ^`_=t­¤Z~^£wp6²yPp9qlmot£twk` ££y{tl« r£w{kmutwtmur £tp^rQtsu`
∂ur
∂r
= εr = −
1− ν2
E
2P
π
cos θ
r
»ÇDD½
ur
r
+
1
r
∂uθ
∂θ
= εθ =
ν(1 + ν)
E
2P
π
cos θ
r
»ÇD=2{½
1
r
∂ur
∂θ
+
∂uθ
∂r
− uθ
r
= γrθ =
τrθ
G
»ÇD¼D½
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c~^su]QktpDmor{smotyPp6²ly{p3y{^mut`pDm}£`Qklr~£P`_=`LpPmkkqt¢pDmk5
ur =
1 − ν2
πE
2P cos θ ln r − (1 − 2ν)(1 + ν)
πE
Pθ sin θ + C1 sin θ + C2 cos θ
»ÇD GP½
uθ =
1 − ν2
πE
2P sin θ ln r +
ν(1 + ν)
πE
2P sin θ
»ÇP{P½
− (1 − 2ν)(1 + ν)
πE
Pθ cos θ +
(1 − 2ν)(1 + ν)
πE
P sin θ + C1 cos θ − C2 sin θ + C3r
§¨`Lk9^t­Wrso`pDmu`QkyPpkmopDmo`Lk#kuy{pDm9lrmo`so_=tp^rL`Lk9`p³yPpktwlrLso{pPm9vDq^`£`'l`L_=t­¤Z`Lku~{`=p^`~S`qlm
kuq^^tsl`e_=yPq^¢{`L_¡`LpDm l`8kyP£twl`sut{twl`P¦Dey{p^py{pk kt_=~^£`_=`pDm£`Qk ^r~^£w{`_=`pDmok ¥£w¡kq^suªÇ{`evDq^t
y{sosu`Qk~Sy{pJl`pDm¥
θ = ±π/2 
ūr|θ=π/2 = ūr|θ=−π/2 = −
(1 − 2ν)(1 + ν)P
2E
»ÇP^µ½
ūθ|θ=π/2 = −ūθ|θ=−π/2 = −
(1 − ν2)
πE
2P ln r + C
»Ç{D{½
y £w8yPpknmpDmu`
C
`Lkm-lrmo`so_¡tp^r`p\^yPtkutwkukopDmqp¡~Sy{tpDm-¥£8kuq^sªÇP`¥q^p^`}ltwknmp`
r0
yP_=_¡`
sorª®rLsu`Lp`P²lkyPt­m
ūθ|θ=π/2 = −ūθ|θ=−π/2 = −
(1 − ν2)
πE
2P ln(r0/r)
»ÇP ) ½
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°£R`Qknm8t_¡~Sy{sumo{pDm#^`¡pymu`Ls#vPq`£A« yPp©p`¡~S`q^m8~J{k8sorLkuy{qlso`9£`=~^soy{^£]_=`¡`pÀlr~^£w{`_=`pDm8tpJlr¤
~S`pJ^_=_=`pDm}l`8£¡kmusoqmoq^su`{£y{J£`el`Qky{lzn`mok `m}l`8£w9_pt]Lsu`8ly{pDmt£wkkuy{pDmkuq^~^~Sy{sumurQk¦H¾Op
`S`mL²y{p~J`Lqlmy{pJknmmu`Ls¡vDq^`£ ¢sotmuty{p l`
ūθ
µ¢P`L
ln r
`_=~S¿L\^`,l`,\^y{twkts9qp^`¢{£`Lq^s¡¥
£A« tpl¯Jp^tY¦
❏
    ,3)+# 1	 #"1
#$# )+/)+#"$,&	5#
´epÀkq~^~JyDk`=_tpDmu`LppDmvDq^`=£`\{suP`_=`pDme`Qknmqp^`¡ª®y{s`mop{`pDmot`L££`y{pJ`pDmosurL`
Q
~s
qp^t­mor#l`8£yPp^{q^`Lq^sQ¦l±
`#\{suP`_=`pDm
~suyllq^tmq^p^`8ltwknmosut^qlmotyPps{ltw£`e^`8y{pDmustpDmu`vPqt6y{soso`Lk¤
~Sy{pJ3{q3L{k~^sorLrLl`LpDm moy{q^sop^r#l` G{HZ²kuy{tm
σr = −
2Q
π
cos θ
r
»ÇPH½
σθ = τrθ = 0
»ÇPP{½
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§¨`Lktwky¢{£`Lq^sokl`}y{pDmustpDmu`QkRkyPpPmR_tpDmu`LppDm-l`}l`L_=t­¤°`Lso£`Qk~{koku{pDm~{s
0
¦¾-pyHy{sly{pp^r`Qk
LsumurQkt`p^p`LkL²H`LkrQvPqJmuty{pJk~J`Lq^¢{`LpPmcku`8surLrLsutsu`
σx = −
2Q
π
x3
(x2 + z2)2
»ÇP{D½
σz = −
2Q
π
xz2
(x2 + z2)2
»ÇP 2{½
τxz = −
2Q
π
x2
(x2 + z2)2
»ÇP{¼D½
§¨`Lklr~^£w{`_=`pDmkc¥£wkuq^suªÇ{`9~J`Lq^¢{`LpPm¿mosu``Lkmut_¡rQke^`9£w_=¿_=`9_{p^t]Lsu`vPq`9~^sorLrLl`L_¤
_=`LpPm}`Lp'mo`p{pDmcy{_=~lmo`#l`#£¡soymmuty{p,l` G{H 
− ūr|θ=π = ūr|θ=0 = −
(1− ν2)
πE
2Q ln r + C
»Ç{=GP½
ūθ|θ=π = ūθ|θ=0 = −
(1 − 2ν)(1 + ν)Q
πE
»Ç>2D½
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´epÈkuq^~^~SyPku`#_={tpDmo`p{pPmcvDq^`#£`l`L_¡t¤Z`Lku~{``Qknmc\Jso{r~s}qp^`#~^so`Lkokty{p3p^y{so_£`
p(x)
`m
qp^`#~^so`Lkokty{p'mop{`pDmot`L££`
q(x)
kuq^sq^p`Jpl`#tpl¯pt`l`8£wso{`Lq^s
a+ b
¦
x
z
b a
q(x)
p(x)
O
r
A(x, z)
B C(x, 0)
ds
s
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§¨`Lk¡lr~^£w{`_=`pDmk9kuy{pDmlrQlq^tmok=l`'£wÈ_=¿_=`_={p^t]so``p kuy{_=_pDm¡£`Qk9yPpDmusot^q^muty{pkl`Lk
~su`QkukutyPpkkqs}\{vDq^`8r£r_=`LpPm}l`kuq^suªÇ{`
ūx = −
(1 − 2ν)(1 + ν)
2E
[∫ x
−b
p(s) ds−
∫ a
x
p(s) ds
] »Ç>2Hµ½
−2(1 − ν
2)
πE
∫ a
−b
q(s) ln |x− s| ds+ C1
ūz = −
2(1 − ν2)
πE
∫ a
−b
p(s) ln |x− s| ds »Y 2{{½
− (1 − 2ν)(1 + ν)
2E
[∫ x
−b
q(s) ds−
∫ a
x
q(s) ds
]
+ C2
§¨`-ku{qlmL²L^pk¨£`Qk`l~^so`LkokutyPpk²»Y{Q½S`m »Ç{=GP½²Ly{^£t{`pDm¨¥}ku`P_=`pDmu`Ls£Y« tpDmo`so¢µ{££`O« tpDmor{smotyPp
`Lpl`Lql~{smot`Qk¦xy{q^s¡r¢Htmu`s=`3~^soy{^£]_=`P²t£~J`Lqlm¿muso`'tpDmurLsu`QkukopDm¡^`\^yPtkuts=« r¢£q^`Ls£`Lk
PsoPlt`pDmok}^`Lklr~^£w{`_=`pDmkc¥£w'kuq^suªÇ{` ∂ūx
∂x
`m ∂ūz
∂x
qÈ£t`Lq l`QkelrL~^£w{`L_=`pDmokL¦W±
`Qt~J`Lsu_=`m
^`9~^£qk8l`9£`¢P`s£Y« _^t{qYmur9kuq^s£`=\^yPt­Èl`Lk8y{pkmo{pPmo`LkL²
C1
`m
C2
²ly{pDmeyPp '^rnz¥3kyPq^£t{pr
£`Lktpy{pH¢{rLp^t`LpDmok¥=£¡so`_svDq^`8|e¦
∂ūx
∂x
= − (1 − 2ν)(1 + ν)
2E
p(x) − 2(1 − ν
2)
πE
∫ a
−b
q(s)
x− sds
»Ç>2 ) ½
∂ūz
∂x
= −2(1 − ν
2)
πE
∫ a
−b
p(s)
x− sds−
(1 − 2ν)(1 + ν)
2E
q(x)
»Ç>2µD½
±
`Qk}{s{^t`LpPmk~J`Lq^¢{`LpDmc¿mosu`tpDmu`Lsu~^sormorLkªÇPt£`L_=`pDmc« q^p0~Sy{tpPml`¢Hq^`#_=rLLp^twvDq^`{¦S§6`Pso¤
^t`LpPm ∂ūz
∂x
y{soso`Lku~JyPp¥£lrª®yPsu_motyPp
ε̄x
¥£kqsªÇP`{²JvPqJpDme¥ ∂ūz
∂x
²St£su`L~^sorLku`pDmu`#£w~S`pDmu`
^`£wkuq^sªÇP`8lrª®yPsu_=rL`{¦
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Å*
±
yP_¡_=`^{pk£`Pk¨mosutwlt_=`pkutyPp^p^`L£Y²µy{p¡yPpktwl]Lsu` vPq` £`Lk~^so`LkokutyPpk{{twkukopDm`p9qp~Sy{tpDm
B^`£#kuq^suªÇ{`}kuq^sOqpr£r_=`pDm-l`ckuq^suªÇ{`
ds
~S`q¢{`pDmO¿muso`}y{pJktwlrsor`QkRyP_¡_=`q^p`ª®y{s`}y{p`pl¤
mosurL`{¦H¾Op3tpDmor{spDmkq^s£wkuq^suªÇ{`c£w¡kuy{£qlmotyPpr£r_=`pDmtsu`emusoy{q^¢Pr`q'~Js{s~\^`}~^sorLrLl`LpPmQ²Ht£
^`¢Ht`LpDm#{£yPsok~SyPkokt^£`l`ly{p^p`s#£`Lk#yPpDmustpPmo`Lk`p"q^pÀ~Sy{tpPm9y{q^spDm
A(x, z)
lq³l`_=t¤A~^£wp
ÍÍ ÒT'UWVXY
QP   W!  
	 	! 
»Yªn¦/t{q^so` ) µ½¦J´ep3y{lmot`LpPmc{£yPsok
σx = −
2z
π
∫ a
−b
p(s)(x − s)2
((x − s)2 + z2)2
ds+ − 2
π
∫ a
−b
q(s)(x− s)3
((x− s)2 + z2)2
ds
»Ç>2{½
σz = −
2z3
π
∫ a
−b
p(s)
((x− s)2 + z2)2 ds+ −
2z2
π
∫ a
−b
q(s)(x − s)
((x− s)2 + z2)2 ds
»Ç>2P½
τxz = −
2z2
π
∫ a
−b
p(s)(x− s)
((x− s)2 + z2)2
ds+ −2z
π
∫ a
−b
q(s)(x − s)2
((x− s)2 + z2)2
ds
»Ç>22½
hHt£`Lk ~^so`LkokutyPpk~^~^£twvPqr`Lk kuy{pDmy{p^pHq^`Qk²Ht£6l`¢Ht`pDm}ly{pJc~SyPkokt^£`^`8y{p^pJwmuso`c`p,\PvPq`
~Sy{tpDm9£A« rmom¡l`Lky{pDmoso{tpDmu`Qk¦%°£-ªÇqlm¡`~S`pJ^pDm9so`_svDq^`svDq^`'~JyPq^s9l`Qk9ltwknmosut^qlmotyPpkvDq^`L£­¤
y{pvDq^`Qk²^`LktpDmurPso{£`Qk p^`#kyPpPm~Pk ª®y{srL_¡`LpDmkut_¡~£`Qk}¥=£wq£`LsL¦

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bcp Pk~{smotq^£t`Ls9t_¡~Sy{sumo{pDm`Lkm¡`£q^t yku`q^£`'q^p`'~^so`Lkokty{pÀp^yPsu_{£``Qknm=~^~£twvDq^r`3kq^s£`
^`_=t­¤Z`Lku~P`{¦´ep,y{^mut`pDm}£y{sk5
ε̄x = −
(1− 2ν)(1 + ν)
2E
p(x)
»Ç>2¼P½
hHtH£A« yPpy{pkut^]so`O£e£y{tHl` y{_=~Sy{sumu`_=`LpPmr£w{kmutwvDq^`-£tprLtso`{²Qy{p9yPlmut`pDm£esu`L£muty{pkuq^t¢µ{pDmu`
ε̄x =
1
E
[
(1 − ν2)σ̄x − ν(1 − ν)σ̄z
] »Ç>2GD½
¾-p9yP_¡~JspDm6£`Qk^`ql#rLvDqmuty{pk¨`mtp£qJpDm¨£wcyPpltmuty{p{ql#£t_=t­mo`LkL²
σ̄z = −p(x)
²QyPp8musoy{q^¢P`
σ̄x = σ̄z = −p(x)
»Ç{¼PP½
´ep©su`L_={sovDq^`¡ly{pJ9vDq^`¡£`Qk^tkmusotqlmuty{pk8l`=yPpDmustpPmo`Lkekq^suªÇ{tvDq^`Qkcpy{so_={£`Qkc`memp^P`pl¤
mot`L££`Lkkuy{pDmerLP£`LkL¦W±
`mmo`¡y{p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